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Abstract A microphysically based algorithm (named Snow Aggregation and Melting (SAM)) that models
snowﬂakes composed of a collection of hexagonal columns by simulating a random aggregation process
is presented. SAM combines together pristine columns with multiple dimensions to derive complex
aggregates constrained to size-mass relationship obtained by data collected from in situ measurements.
The model also simulates the melting processes occurring for environmental temperatures above 0◦ C and
thus deﬁne the mixed-phase particles structure. The single-scattering properties of the modeled snowﬂakes
(dry and mixed phased) are computed by using a discrete dipole approximation (DDA) algorithm which
allows to model irregularly shaped targets. In case of mixed-phased particles, realistic radiative properties
are obtained by assuming snow aggregates with a 10% of melted fraction. The single-scattering properties
are compared with those calculated through Mie theory together with Maxwell-Garnett eﬀective medium
approximation using both a homogeneous sphere and a layered-sphere models. The results show that for
large-size parameters there are signiﬁcant diﬀerences between the radiative properties calculated using
complex microphysical and optical algorithms (i.e., SAM and DDA) and those obtained from simpliﬁed
assumptions as the layered-sphere models (even when the radial ice density distribution of the aggregated
snowﬂakes is perfectly matched). Finally, some applications to quantitative precipitation estimation using
radar data are presented to show how the resulting diﬀerences in the basic optical properties would
propagate into radar measurable. Large discrepancies in the derivation of the equivalent water content and
snowfall rate from radar measurements could be observed when large-size parameters are accounted for.

1. Introduction
Remote sensing measurements are the only practical means for achieving a global coverage of precipitation
phenomena. The interpretation of remote sensing data relies, in part, on the microphysical description of
the hydrometeors, capable to simulate the complex snowﬂakes physical properties, and on the modeling of
their single-scattering radiative properties through realistic assumptions concerning the ice crystal habits
and mass distribution.
Due to the high degree of the complexity of the problem, nonspherical ice crystals and snow aggregates
have commonly been modeled, for radar and passive microwave (MW) radiative transfer purposes, as
spheres or alternatively spheroids composed of a homogeneous mixture of air and ice [Korolev et al., 2003;
Matrosov, 2007]. These simpliﬁed models, commonly named soft-spheroid models, have reached a large
popularity due to the associated exploitation of scattering numerical methods, such as the T-Matrix or TMM
[Mishchenko et al., 1996], that allow to compute an analytical solution within short computational times.
Nonetheless, the simpliﬁed assumption, concerning the shape of complex ice crystal, has been recognized to be one of the main sources of error in the retrieval of snowfall from remote sensing measurements
[Kulie et al., 2010].
Field observations of snow particles [Locatelli and Hobbs, 1974] show that aggregates have densities that
are dependent on particle dimensions (the smaller the particle, the denser it is). This suggests that the inner
parts of a large snowﬂake are denser than the outer ones. Thus, it is reasonable to interpret snowﬂakes as
particles with density that decreases from the center to the edges. At this regard the inadequacy of the
ORI ET AL.

©2014. American Geophysical Union. All Rights Reserved.

9931

Journal of Geophysical Research: Atmospheres

10.1002/2014JD021616

soft-spheroid models to represent complex snowﬂakes is evident since, for
these methods, ice particles can only
be assumed to have a uniform density. Recent studies [Ishimoto, 2008;
Botta and Aydin, 2010; Petty and Huang,
2010; Tyynela et al., 2011], developed
by performing computations based
on accurate scattering models, have
demonstrated that models assuming
spherically/spheroidally shaped snow
particles are unable to properly represent the peculiar radiative characteristics
of snowﬂakes, especially when the incident wavelength is of the same order
of magnitude of the particle size. It
appears that snowﬂakes should be represented as complex aggregates of pristine
ice crystals, and thus, we must rely on
advanced and nonanalytical methods for
the computation of the radiative properties. Recent studies have also attempted
the development of optimal retrieval
Figure 1. The aggregation scheme in four steps (from left to right).
algorithms for snow characteristics from
The geometrical properties of the aggregate R and Dmax are plotted
respectively with a red and a green line. In the second and fourth panel active/passive sensors synergy [Löhnert
the total circular area containing the geometrical cross section of the
et al., 2011] and have investigated the
joint CAP and NAP is shown.
sensitivity of ground-based passive MW
measurements in the frequency range
22–150 GHz to snowfall characteristics [Kneifel et al., 2010]. However, these experimental analyses report the
lack of single-scattering databases for large snow aggregates (>1 cm) at MW frequencies up to 150 GHz.
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The two most commonly used methods to compute the single-scattering properties of complex particles
are the ﬁnite diﬀerence time domain [Taﬂove and Hagness, 2005] and the discrete dipole approximation
(DDA) [Draine, 1988]. Among others, scattering properties of multiple sets of pristine ice particle shapes
obtained through DDA have been presented by Evans and Stephens [1995], Liu [2004, 2008a], Kim et al.
[2007], Hong [2007a], and Grecu and Olson [2008]. Hong [2007b] studied a simple aggregate of hexagonal
prisms while the ﬁrst application of the DDA to model snow aggregates was given by Osharin [1994]. Petty
and Huang [2010] demonstrated, again by exploiting DDA calculations, the inadequacy of the soft-sphere
approximation for representing the radiative
properties of large aggregates at microwave
12
DCAP=2 mm
frequencies. Analyzing colocated airborne
radar measurements at 13.4 GHz, 35.6 GHz, and
DCAP=4 mm
10
94 GHz, Leinonen et al. [2012] provided empiriDCAP=6 mm
cal evidences of the nonspheroidal behavior of
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the snow backscattering properties.
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Figure 2. Evolution of the probability density functions of the
size of the NAP for increasing maximum dimension of the CAP.
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The correct representation of the
single-scattering properties of snow aggregates is fundamental for the implementation
of an accurate precipitation retrieval algorithm. Therefore, a physically based model
describing the complex structure of realistic snowﬂakes is needed, and this work
aims at providing a possible solution by constraining the microphysical properties of the
hydrometeors to measured size-mass relations.
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Figure 3. Aggregate mass as a function of the size. The colored
curves represent multiple size-mass relations derived from measured data: Brandes et al. [2007] (blue), Holroyd [1971] (magenta),
Heymsﬁeld et al. [2004] (red), and Mitchell [1996] (green). Black
crosses are the values of the simulated aggregates.
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A very recent study [Nowell et al., 2013] calculates the radiative properties of realistic
snowﬂakes modeled as fractal structures following a predeﬁned mass-size relationship.
They also compare the radiative properties
computed with DDA with those of spherical
targets of equivalent mass computed with Mie
theory. The model of Nowell et al. simulates the
random growth of a fractal aggregate in a cubic
lattice domain using a very simpliﬁed six-bullet
rosette as constitutive pristine crystal (a rosette
is composed of only 13 lattice points when
its maximum dimension is equal to 0.2 mm
and only 19 when its maximum dimension is
0.4 mm). All the crystals in the aggregate have
the same orientation with respect to the reference frame; nevertheless, the model allows to
control the size, mass, aspect ratio, and fractal
dimension of the resulting aggregate.

The present paper introduces an aggregation algorithm based on the physics of collision-coalescence of
realistically shaped hexagonal columns. The snowﬂake microstructure is described through realistic constitutive particles (hexagonal columns) that are free to assume any orientation in space. Moreover, an accurate
description of the pristine crystals geometry is given. Since a cubic lattice grid of 20 μm is used for the DDA
computations, the minimum dimension of the pristine hexagonal columns is represented by at least ﬁve
dipoles (in Nowell et al. the branch of the bullet rosettes consist of a single dipole). The ﬁner resolution of the
lattice domain implies more accurate DDA computations. Results from SAM-DDA model are compared to
results obtained using a soft-sphere model (ice density is assumed homogeneous) and two layered-sphere
models (with ice density varying within the spherical volume). The soft- and layered-sphere models are used
in combination with Mie theory in order to derive radiative properties to be used as reference.
Section 2 describes the diﬀerent microphysical models and in particular the innovative SAM methodology.
In section 3 the results of the scattering computation applied to the microphysical models are presented. In
the last section (4) the conclusions are drawn.

2. Hydrometeors Modeling
Diﬀerent microphysical models are considered in this paper to evaluate the eﬀect of shape, mass distribution, and size-mass relation on the single-scattering properties and main radar parameters in presence
of snowﬂakes. The models’ conﬁgurations are as follows: (1) the SAM model applied to ice aggregates,

Figure 4. Image of a dry aggregate snowﬂake with (left) Dmax = 3 mm. (right) The same aggregate with 10% of melted
mass (red dots).
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(2) SAM applied to partially melted
snowﬂakes (3) the soft-sphere
model (4) the layered-sphere model,
and (5) the layered-sphere model
that exactly maps the radial mass
distribution of SAM aggregates. The
soft- and layered-sphere models will
be only brieﬂy described since they
are widely known to the scientiﬁc
community and are used here as reference, whereas the innovative SAM
model will be illustrated in detail.

2.1. SAM: Aggregation Model for
Dry Particles
0
An innovative algorithm, called
0
1
2
3
4
5
6
7
Snow Aggregation and Melting
distance from the center [mm]
(SAM), is developed to model the
Figure 5. Volume fraction (ratio between mass density and ice mass density)
aggregation of snowﬂakes. SAM
as a function of the distance from the center of mass of the snowﬂake for an
generates complex shapes by ranaggregate with maximum dimension of 13 mm. The volume fraction radial
domly aggregating pristine ice
distribution is plotted for homogeneous sphere (blue), layered sphere (dotted green), and SAM aggregate (red crosses) models. The ﬁgure also shows
crystals. For this work, hexagonal
the liquid water fraction (red line) for the corresponding partially melted
columns are selected as the basic
snowﬂakes. In order to calculate the eﬀective density of the aggregate modshape that composes the aggreels (SAM), the space is divided in spherical shells of equal thickness (0.2 mm)
gates in accordance with studies
and the number of dipoles belonging to each spherical shell are counted.
The water fraction is computed dividing the number of water dipoles in each [i.e., Magono and Lee, 1966] reportshell by the total number of dipoles belonging to that shell.
ing that one of the basic habit of
the ice crystal within clouds is the
hexagonal column. A realistic internal mass distribution is obtained by clustering particles with increasing dimension as the maximum size of
the aggregate increases.
The SAM algorithm sequence is described by four steps that are graphically represented in Figure 1.
1. First, the geometrical properties of a hexagonal column are deﬁned. Its center of mass is placed in the
origin of the coordinate system. R1 is the radius of the smallest sphere centered in the center of mass of
the crystal that encloses the whole particle. In case of a hexagonal prism, R1 is simply the distance from a
prism vertex to its center of mass. The crystal is then randomly rotated around its three Cartesian axes. The
whole aggregation process starts around this basic shape that is the core around which the full aggregate
is constructed and for that reason is here referred as the core aggregation particle (CAP) (ﬁrst panel of
Figure 1).
2. The geometrical properties of a second hexagonal prism (the next adding particle, NAP) are deﬁned. The
radius of the smallest sphere enclosing it, hereafter noted as R2 , is calculated. This particle is randomly
rotated around its axes. The NAP is positioned above the CAP with its center of mass randomly placed in
the area deﬁned by a cross section of magnitude given by 𝜋(R1 + R2 )2 and centered around the z axis.
The NAP is afterward forced to fall until it touches the CAP. If the contact occurs, the two particles stick
together and a new CAP is generated. If the particles do not touch each other, the method repeats the
descent of the NAP toward the CAP but with a diﬀerent randomly deﬁned conﬁguration (second panel,
Figure 1) until a contact occurs.
3. The new CAP center of mass is placed at the origin of the coordinate system, R1 is updated, and Dmax (the
diameter of the smallest sphere enclosing the whole particle) is calculated. If Dmax exceeds an established
limit value, the aggregation process stops (third panel, Figure 1).
4. If the established value Dmax is not reached, the model proceeds as described at points (2) and (3) and a
new pristine particle is added to the CAP (fourth panel).
The size of the NAP (2R2 ) varies during the aggregation process and becomes larger as the aggregates maximum dimension (Dmax ) increases. The NAP dimension is, in fact, extracted randomly from a population of
ORI ET AL.

©2014. American Geophysical Union. All Rights Reserved.

9934

Journal of Geophysical Research: Atmospheres

10.1002/2014JD021616

hexagonal columns described by a
gamma size distribution that evolves
in accordance with the maximum size
of the aggregate (CAP). The gamma
distribution is deﬁned as
f𝜃,k (x) =

x k−1 e−x∕𝜃
𝜃 k Γ(k)

(1)

where k is the shape parameter, 𝜃 is the
scale parameter, and Γ(k) is the gamma
function. The expected value and the
variance of f (x) are respectively E[x] = k𝜃
and V[x] = k𝜃 2 . In our model we assume
that both these parameters vary linearly
with the aggregate maximum dimension
so that
E[x] = k𝜃 = A ⋅ Dmax V[x] = k𝜃 2 = B ⋅ Dmax
Figure 6. A two-dimensional representation of the technical procedure
(2)
used to compute the melting probability. The color code for the type of where A and B are constants to be
material and phase of the lattice regions are as follows: blue for ice, red
deﬁned. A graphical representation of
for water, and white for air. For each lattice region the melting probabilthe evolution of the size distribution of
ity is shown. As an example for the ice cell in the upper left corner the
the NAP is given in Figure 2. The two conmethodology that calculates the melting probability Ptot is speciﬁed.
stants A and B are determined so that
the ﬁnal aggregate ﬁts the available data
concerning snowﬂakes size-mass relation and in particular that proposed by Brandes et al. [2007] that is
here reported:
m(Dmax ) = 8.9 ⋅ 10−5 ⋅ D2.1
max

(3)

The particle dimension Dmax is in millimeters and its mass m is in grams. Figure 3 shows the evolution of
the mass of the simulated aggregates for A = 0.07 and B = 1 mm as a function of their maximum dimension. The SAM solution is compared with the Brandes size-mass relation and with other relationships
found in literature. Note that the SAM solution falls within the spread of the measured relations except
for the lowest-particle dimensions. Equation (3) has been derived by Brandes as a least squares ﬁt
applied to measured data. Because of the larger variability in the bulk density of small snowﬂakes, the
Brandes relation, obtained through a data interpolation process, best represents the microphysical
properties of large particles while representation of the densities of very small snowﬂakes is less accurate. As a consequence,
the mass value of the aggregated particle simulated by SAM
with maximum dimension smaller than 3 mm is lower than the
mass calculated through equation (3). Since the shapes of the
largest particles are obtained by aggregating additional crystals to an agglomerate of smaller ones, equation (3) not only
represents the mass of the aggregate as a function of its size
but also describes the mass distribution (density) within each
particle. An example of simulated snow aggregate is given in
Figure 4 (left).

Figure 7. Scheme of a layered-sphere model.
In our simulations the number of layers is
n = 500 for the Mie-500 conﬁguration
and n = 50 for the Mie-SAM conﬁguration
(see text for details). All the layers have the
same thickness.
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Some important physical and geometrical characteristics
such as the radial density distribution and the aspect ratio
of the aggregates are brieﬂy analyzed. Figure 5 shows the
ratio between mass density and the mass density of pure
ice (0.917 g/cm3 ), as a function of the distance from the center, of a SAM aggregate with maximum dimension equal to
13 mm. The result obtained for the SAM aggregate is compared
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Table 1. Microwave Frequencies and Dielectric Properties Used for Scattering Calculations
MW Band
C 5.6 GHz
X 9.6 GHz
Ku 13.6 GHz
Ka 35.6 GHz
W 89 GHz
W 94 GHz
157 GHz

Temp [◦ C]

n Water

n Ice

𝜖 Water

𝜖 Ice

0
−40
0
−40
0
−40
0
−40
0
−40
0
−40
0
−40

8.34 + i2.22

1.79 + i7.76e-4
1.77 + i1.16e-5
1.79 + i2.65e-4
1.77 + i1.22e-4
1.79 + i3.62e-4
1.77 + i1.73e-4
1.79 + i9.18e-4
1.77 + i4.52e-4
1.79 + i2.41e-4
1.77 + i1.19e-3
1.79 + i2.41e-4
1.77 + i1.19e-3
1.79 + i4.04e-3
1.77 + i2.00e-3

6.46e1 + i3.71e1

3.19 + i6.28e-4
3.15 + i2.54e-4
3.19 + i9.46e-4
3.15 + i4.34e-4
3.19 + i1.29e-3
3.15 + i6.14e-4
3.19 + i3.28e-3
3.15 + i1.61e-3
3.19 + i8.17e-3
3.15 + i4.02e-3
3.19 + i8.63e-3
3.15 + i4.25e-3
3.19 + i1.44e-2
3.15 + i7.13e-3

7.20 + i2.85
6.28 + i3.01
4.04 + i2.42
2.93 + i1.48
2.89 + i1.43
2.59 + i1.05

4.38e1 + i4.10e1
3.04e1 + i3.78e1
1.05e1 + i1.96e1
6.40 + i8.68
6.30 + i8.28
5.60 + i5.47

to a homogeneous radial density distribution (soft-sphere model) and to a density distribution within a layered sphere following exactly equation (3). The radial mass distribution of the SAM aggregate follows the
radial distribution derived from equation (3) with some expected discrepancies due to the random nature of
the algorithm describing the aggregation process.
Brandes et al. [2007] deﬁned the aspect ratio ar of the observed snowﬂakes as the ratio between the maximum vertical length and the maximum horizontal dimension measured by a two-dimensional video
disdrometer. The aspect ratio is given as a function of the maximum dimension:
ar = 0.01714 Dmax + 0.8467

(4)

Equation (4) indicates that the ﬂakes are nearly spherical (with mean values that increase from 0.84 at the
smaller dimensions to about 1 at 10 mm).
Since the aggregates modeled by SAM do not account for any falling direction, ar values are calculated
using a diﬀerent methodology. For a given aggregated snowﬂake the major axis has been found. The second
axis is the longest dimension in the orthogonal plane to the ﬁrst axis. Finally, the third axis is the maximum
dimension in the perpendicular direction to the plane deﬁned by the other two axes. The aspect ratio value
is calculated as the ratio of the minor axis to the major axis. Computed ar values for SAM aggregates range
from 0.8 to 1. The results are consistent with the values found by Brandes et al. [2007].
2.2. SAM: Melting Model
The mixed-phase particles are derived by modeling a melting process similar to that discussed in Fabry and
Szyrmer [1999]. They deﬁned six diﬀerent models describing partially melted hydrometeors composed of
aggregates of ice crystals and water. Korkmaz [2004] exploited the six models to simulate radar signatures
at S, X, and Ka bands and compared the results with data. He found that the best performance is achieved
for the model of aggregates with the largest ice density near the core. According to these results, among
the various conﬁgurations considered, it is the model of ice aggregate crystals covered by a thin layer of liquid water that performs best in representing measured radar parameters of partially melted hydrometeors.
Moreover, laboratory observations of melting snowﬂakes, performed by Oraltay and Hallett [2005], suggest
that the melting process starts from the high-curvature regions of the surface of the crystals.
Based on these results, the SAM model describes the melting process by starting from the ice phase aggregates derived in section 2.1. The dry and mixed-phase aggregates are described as clusters of polarizable
regions belonging to a cubic lattice. A sequence of steps is performed to replace single ice lattice regions
(points) with water ones. The aggregate mass is maintained constant during the whole process.
For each ice lattice point a probability of melting is deﬁned. The not normalized probability associated to
each single ice dipole l in the lattice structure of coordinates (xl , yl , zl ) is a function of the physical state
(type of material and its phase) of the six regions surrounding it. This probability of melting is described
mathematically in compact way by
∑
l
Ptot
(xl , yl , zl ) ∝
Pstate (xl + jIk )
j = −1, 1
k = 1, 2, 3
(5)
j,k
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Figure 8. Total absorption cross section as a function of the maximum dimension of the particle for frequencies of 35.6
and 157 GHz.

where Ik is the kth row of the 3 × 3 identity matrix. Any lattice region might be composed of air, ice, or water
(state index in equation (4)). Only the six regions that have a nonnull area of contact with the central region
are accounted for in the computation of the melting probability of the central region in accordance with the
Fourier’s law of heat conduction. The SAM algorithm was run setting Pair = 1, Pwater = 0.1, and Pice = 0.
A two-dimensional example of the computational scheme of the probability of melting associated at each
dipole region is given in Figure 6.
The melting process algorithm statistically advantages the melting of the aggregate surface regions with
respect to the inner parts of the particle since, at the initial steps, internal points, being surrounded only
by other iced regions, have an associated probability to melt that is zero. The melting procedure is performed until the number of water regions reaches the value set by the user. For the present work a 10% of
the total aggregate mass is water and the remaining is ice. The ﬁnal conﬁguration shows that the melted
points are randomly distributed mostly on the particle surface (an example is given in Figure 4 (right)). The
mixed-phase particle has the same mass and shape of the corresponding dry particle so that a direct comparison among the radar-derived parameters is possible. Since the natural melting process changes the
morphology of the snowﬂake, this method is not appropriate to model mixed-phase particles with large
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Figure 9. Total scattering cross section as a function of the maximum dimension of the particle for frequencies of 35.6
and 157 GHz.
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Figure 10. Radar backscattering cross section as a function of the size parameter of the particle for six diﬀerent frequencies from 5.6 to 157 GHz. Results from Mie-1 homogeneous soft sphere (green), Mie-500 layered sphere (black),
50-layered Mie-SAM (magenta), and complex ADDA-SAM (blue) are compared.

values of melted fraction. However, Figure 4 shows that 10% of melted fraction covers just a small part of the
total particle surface; thus, the use of the same shape in the computations is an acceptable assumption.
The melting fraction distribution inside a partially melted aggregate with maximum dimension of 13 mm
is shown in Figure 5 by the red solid line. Details on the computation of the melted fraction are given
in the ﬁgure caption. As expected values around 10% are encountered all along the aggregate’s dimension. Slightly larger values are found near the core where the total particle density is very large due to the
aggregation of small ice crystals; this is in accordance with Fabry and Szyrmer [1999].
2.3. Soft-Sphere Models
The simplest microphysical model relies on the assumption that snow particles are approximated by homogeneous spheres and the scattering properties are computed using the Mie analytical solution. These
ORI ET AL.
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Figure 11. (left) Value of the phase function at 180◦ (backscattering) as a function of the particle maximum dimension at
94 GHz. (right) Phase function at 94 GHz of snowﬂakes with Dmax = 13 mm. Results for ADDA-SAM (blue), homogeneous
soft-sphere Mie-1 (green), Mie-500 layered sphere (black), and 50-layered Mie-SAM (magenta) models are shown.

models are commonly known as the soft-sphere models [Liu, 2004]. In this work the dielectric properties of
the ice sphere are calculated using the Maxwell-Garnett mixing formula. The length of the sphere diameter
is chosen to be equal to the maximum dimension of the corresponding aggregated particle. The soft-sphere
model is also used to represent wet snowﬂakes. In this case a fraction of the ice mass is replaced with liquid
water and the Maxwell-Garnett approximation is applied to the new mixture of three materials (water, ice,
and air).
2.4. Layered-Sphere Models
A more complex model accounts for a core sphere surrounded by multiple shells. This type of geometrical model was developed to improve the modeling of radiative properties of nonhomogeneous particles
accounting for a radially stratiﬁed structure [Yang, 2003]. We use the code developed by Pena and Pal
[2009] with spherical layers with equal thickness (Figure 7). Each layer is characterized by a speciﬁc index of
refraction computed using the Maxwell-Garnett mixing formula.
The layered-sphere model is run in two diﬀerent conﬁgurations.
1. Mie-500. In this conﬁguration it is assumed that the mass-size relation follows exactly equation (3)
[Brandes et al., 2007]. A number of 500 spherical shells are assumed. It is important to note that the choice
of 500 layers allows to simulate a highly stratiﬁed sphere. Diﬀerent numbers of layers have been tested,
and no signiﬁcant diﬀerences in the resulting radiative properties have been found for numbers larger
than 50. Partially melted snowﬂakes are modeled by converting an equal fraction of ice mass into water
for each layer. The Maxwell-Garnett formula is used to compute the eﬀective dielectric constant of the
mixture of ice, water, and air.
2. Mie-SAM model. In this conﬁguration a 50-layer sphere model with the exact radial mass distribution of
the aggregates modeled by SAM is assumed. This allows a better comparison with the results obtained
using the SAM algorithm that does not perfectly follows equation (3). In case of mixed-phase particles the
same distribution of melted fraction of mixed-phase aggregates is used.

3. Results
3.1. Scattering Codes and Methodology
Simulated single-scattering properties of snowﬂakes are presented for seven typical radar frequencies (ﬁrst
column of Table 1). The refractive indices used in the computations (Table 1) are derived from the model of
Meissner and Wentz [2004] for pure water at 0◦ C and from the Matzler [2006] model for ice at −40◦ C and 0◦ C.
Scattering computation of the homogeneous sphere and of the layered soft-sphere models are performed
using respectively a standard Mie code and the scattnlay code by Pena and Pal [2009]. Scattnlay is a publicly
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Figure 12. Diﬀerences in the (top row) total scattering and (bottom row) backscattering cross sections between wet and
dry snowﬂakes as a function of the maximum dimension of the particles. Results are for (left column) Ka band and (right
column) W band.

available implementation of the algorithm for the calculation of the Mie scattering coeﬃcients of a multilayered sphere developed by Yang [2003]. The dielectric properties of mixtures of materials are computed
using the Maxwell-Garnett mixing formula. In the case of dry snowﬂakes ice is considered inclusion in air
matrix, while for mixed-phase particles water is considered inclusion in ice matrix and as a second interaction the ice-liquid water mixture is considered as inclusion in air matrix. The dielectric mixing formula of
Bruggeman and that of Sihvola [Petty and Huang, 2010] have also been tested. The discrepancies between
the resulting radiative properties obtained when assuming the diﬀerent dilectric mixing formula are of negligible importance with respect to the diﬀerences obtained using the diverse microphysical descriptions.
Thus, for simplicity, only the Maxwell-Garnett mixing formula is assumed in the present study.
Scattering computations concerning the dry and mixed-phase aggregate obtained with the SAM model are
performed using the ADDA (“Amsterdam DDA”) code by Yurkin and Hoekstra [2011] which is a memory eﬃcient implementation of the DDA methodology [Penttila et al., 2007]. DDA is a numerical method for solving
the integral volume equation of electromagnetic scattering, in which the scatterer is approximated by a set
of polarizable points and can thus be applied to any shape. The accuracy of DDA is determined by the number of dipoles used to describe the shape of the scattering particle. To approximate homogeneous medium,
the spacing d within the dipoles must be small relative to the wavelength; Draine and Flatau [1994] propose,
as a rule of thumb for the correctness of the methodology, that |n|kd ≪ 1 where k is the wave vector in
the vacuum and n is the complex index of refraction of the medium. The correct representation of the target shape requires also that the dipole spacing must be smaller than any structural length of the target. In
order to properly represent the hexagonal columns, which are the constituent particles of the simulated
snow aggregates, a dipole spacing of 20 μm is used for the aggregates with Dmax smaller than 13 mm and a
dipole spacing of 40 μm for those with larger Dmax . For this conﬁguration, the maximum frequencies of the
incoming electromagnetic wave allowed by the model are 660 GHz for the smallest particles and 330 GHz
for the largest ones. The computed radiative properties, for all the simulations, are the total scattering cross
section Cs , the total absorption cross section Ca and the radar backscattering cross section 𝜎bk . The radiative
quantities are averaged over 1800 uniformly distributed orientations of the scattering particle.
ORI ET AL.

©2014. American Geophysical Union. All Rights Reserved.

9940

Journal of Geophysical Research: Atmospheres

10.1002/2014JD021616

5.6 GHz

94 GHz

20

10
5

Zhh [dBZ]

Zhh [dBZ]

10

0

0

−5
dry Mie 500 layers
dry Mie 1 layer
dry Mie−SAM
dry ADDA−SAM
wet ADDA−SAM
wet Mie−500 layers

−10

−10
−15
−20 −4
10

10

−3

10

−2

10

−1

10

0

IWC [g/m3]

−20 −4
10

10

−3

10

−2

10

−1

10

0

IWC [g/m3]

Figure 13. Copolar radar equivalent reﬂectivity at horizontal polarization for (left) C and (right) W frequencies as a function of IWC. Each dot is a computation of Zhh for one of the 1632 PSD. Blue and red dots are obtained using ADDA-SAM
for dry and mixed-phase particles (with 10% of melted mass), respectively; black and yellow dots are obtained for dry
and wet Mie-500 layered sphere (with 10% of melted mass); green dots are obtained with the homogeneous Mie-1
models (in the left the black dots are completely overlapped by the green ones); magenta dots are obtained with the
50-layered Mie-SAM model (in both panels magenta dots are almost completely overlapped by the blue ones).

The DDA computational time increases as a power law with the target dimensions and as an exponential
with the increase of the real part of the index of refraction of the material. Since the real part of the
index of refraction of water is at least 2 times that of ice, over the spectrum range considered, the time
required to complete DDA computation for partially melted snowﬂakes is much longer than that for equivalent dry particles. For this reason only one mixed-phase particle case is accounted for in the computations
and the assumed melted fraction is set to 10%. The low fraction of liquid water allows to assume that the
particle geometry is the same used for the dry snowﬂake.
3.2. Radiative Properties of Individual Particles
Figures 8 and 9 show respectively the total absorption and scattering cross section of the simulated aggregates, at two frequencies, as a function of the size parameter (x = 𝜋Dmax ∕𝜆) and compare these quantities
with those derived for equivalent homogeneous and layered spheres.
The total scattering and absorption cross sections computed with Mie theory assuming one-layer homogeneous spheres or a 500 layered spheres, for particles with Dmax < 3 mm (x = 1.1 at 35.6 GHz and
x = 4.9 at 157 GHz), show larger values than those computed for the complex aggregates with DDA model.
The reason is related with the assumption made on the density distribution within the particle. As stated
in section 2, the SAM model simulates complex-shaped particles with small dimensions that have smaller
mass density than those predicted by equation (3). On the contrary, for particles modeled as soft spheres
(one homogeneous layer) or 500 layered spheres (Mie-500 layers in the plots) it is assumed that the internal
mass distribution follows exactly equation (3). That explains why the total scattering and absorption cross
sections of the spherical models for small particles are larger than those computed with the complex aggregate models. This fact is conﬁrmed by the comparison of the results of the ADDA-SAM model with those
of the Mie-SAM model (solid magenta line) for which the density distribution is the same. The two models show closer computed scattering and absorption cross sections. The diﬀerences among results for the
homogeneous spheres, the 500 layered spheres, and the 50 layered sphere Mie-SAM allow to evaluate the
eﬀect of the density distribution on main radiative properties.
For maximum dimensions larger than 5 mm (x = 1.9 at 35.6 GHz and x = 8.2 at 157 GHz) the total scattering cross section Cs computed for the aggregates with DDA model becomes larger than that computed for
spheres with Mie theory (Figure 9); the diﬀerences are signiﬁcantly larger in case of homogeneous sphere
or 500 layered sphere. A similar behavior occurs for the total absorption cross section Ca but with lesser
discrepancies (Figure 8). The diﬀerences are mainly related to the diverse microphysical structures of the
particles produced by the considered models. In the SAM model the ice mass occupies only the volume
deﬁned by the pristine ice crystals that compose the aggregate, and the particle can be thought as a sum
of discrete scatterers having dielectric constant of solid ice in a volume ﬁlled with air. In the soft-sphere
and layered-sphere case the ice mass of the modeled snowﬂake is distributed in a spherical volume and in
multiple spherical shells, respectively. The ice mass is diluted all over the volume, and the particle total
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density is lower than that of pure ice.
The total dielectric properties of the
spherical snowﬂake are obtained by
Dry
Wet
a composition of the dielectric prop2.2 ≤ Λ ≤ 8.8 mm−1
1.8 ≤ Λ ≤ 3.1 mm−1
erties of ice with those of air that is
−1
−3
−1
−3
2, 380 ≤ N0 ≤ 42, 000 mm m
1, 515 ≤ N0 ≤ 4, 800 mm m
supposed to be trapped in the spher1.0 ≤ D ≤ 15.0 mm
ical structure of the particle. As a
consequence, the value of the index of refraction of the spherical target is closer to the value of the index of
refraction of the air, and thus, the interaction with the incoming electromagnetic waves is less intense. This
fact is more and more signiﬁcant as the dimension increases.
Table 2. Particle Size Distribution Parameters Adopted for the
Computation of Dry and Wet Snow Equivalent Radar Reﬂectivity

The absorption and scattering cross sections calculated using the ADDA-SAM model are at about 30%
larger than those obtained with the Mie-SAM model and are signiﬁcant for all the investigated size parameters. Since these two models have the same radial mass distribution, the greater values of scattering and
absorption cross sections for the ADDA-SAM models are imputable to the diﬀerent microphysical structure.
Shape-dependent eﬀects in the backscattering cross section 𝜎bk are encountered for size parameters larger
than 2. Figure 10 shows the radar backscattering cross section 𝜎bk as a function of the snowﬂake size parameter at six diﬀerent wavelengths. The backscattering cross section computed using the Mie theory presents
the typical Mie resonance behavior that, otherwise, is strongly attenuated for results obtained using the
ADDA-SAM model in case of aggregates. The backscattering cross section of complex aggregates shows
only the ﬁrst-order Mie resonance minimum, and this minimum is encountered for a larger size parameter
with respect to that expected for the homogeneous soft sphere.
Comparing the results obtained from the soft-sphere and the layered-sphere models, the eﬀect of the
internal mass distribution of the particle on 𝜎bk can be evaluated. The modiﬁcation of the Mie resonance
structure of the layered-sphere model reﬂects the fact that in a layered sphere each layer is characterized by a proper refractive index and thus by a characteristic length for the backscattering resonance; the
result is a composite contribution from each layer leading to a modiﬁcation of the positions in the Mie’s
resonance minima typical of homogeneous spheres. The introduction of a stratiﬁed morphology with the
layered-sphere model causes therefore the modiﬁcation of the Mie’s resonance structure. The ADDA-SAM
model does not present a well-recognizable resonance behavior due to a lack of symmetry in the geometrical structure of the particle. Nevertheless, a singular minimum is still present when the size parameter is
equal to 3.
The backscattering cross sections computed with the ADDA-SAM model is in good agreement with those
obtained with the Mie-SAM model for size parameter smaller than about 3. This fact suggests that the radial
mass distribution has a leading role on the determination of the backscattering cross section for this range
of size parameters.
For particles with size parameter greater than 3, 𝜎bk computed with the ADDA-SAM model show increasing
deviations (up to 3 orders of magnitude) from the results obtained with every assumed spherical approximation. The corresponding diﬀerences in the total scattering cross section are much smaller. The main
parameter inﬂuencing the diﬀerences is the value of the phase function at 180◦ . Figure 11 (left) shows the
value of the phase function at 180◦ , as a function of size parameter, computed for dry snowﬂakes at 94 GHz
using the diﬀerent models. In Figure 11 (right) the phase functions of particles with Dmax = 13 mm at 94 GHz
(corresponding to x = 12.8) are presented. Very large diﬀerences are encountered at the backscatter angle
of 180◦ where the phase function computed for diﬀerent models spans over about 5 orders of magnitudes.
The larger values are found in case of ADDA-SAM model and are consistent with results shown in Figure 10.
The diﬀerences between the scattering properties at 35.6 and 94 GHz for mixed-phase particles and dry
snowﬂakes are shown in Figure 12. Even if the melted fraction of the wet snowﬂake is only 10%, the scattering simulations show an increase in the total scattering cross section that is of the order of 30% to 50% with
respect to the dry particle. The cross-section diﬀerence is larger for the lowest frequencies because the real
part of the water refraction index at microwave increases as the frequency of the incoming electromagnetic
wave decreases (Table 1). The partial melting of the snowﬂakes increases their eﬀective refractive index.
As a consequence, the positions of the resonance minima of the backscattering cross section, computed
using the spherical models, shift to lower size parameters. This shift is responsible for the strong oscillating
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behavior of the diﬀerence between the radar backscattering cross section of the wet and the dry particles
for all the spherical models (bottom row of Figure 12). The diﬀerence between the scattering properties of
mixed-phase particles and dry snowﬂakes is larger for the spherical models than for the ADDA-SAM model
as a consequence of change in the eﬀective refractive index of the overall spherical volume that is otherwise
a localized eﬀect in case of aggregate.
3.3. Scattering Properties of Snow Size Distributions
The equivalent copolar radar reﬂectivity Zhh at each frequency is calculated by integrating the copolar radar
backscattering cross section 𝜎hh as a function of the maximum particle size over the whole particle size
distribution (PSD).
max(D

Zhh =

)

max
𝜆4
𝜎 (D )N(Dmax )dDmax
𝜋 5 |K|2 ∫min(Dmax ) hh max

(6)

In equation (6), 𝜆 is the wavelength, 𝜎 is the backscattering cross section, and K = (n2w − 1)∕(n2w + 2) is the
dielectric factor (nw is the complex index of refraction of water). Following Straka et al. [2000] it is assumed
an inverse exponential PSD:
N(D) = N0 ⋅ e−ΛD ,

(7)

where the distribution parameters N0 [mm−1 m−3 ] and Λ[mm−1 ] are derived from Marzano et al. [2007, 2010]
and reported in Table 2 for dry and wet aggregate distributions.
The ice water content (IWC (g/m3 )) can be expressed as
max(Dmax )

IWC =

∫min(Dmax )

(8)

m(Dmax )N(Dmax )dDmax

where m(Dmax ) is the mass of the particles as a function of their maximum dimension (equation (3)) and
N(Dmax )dDmax is the particle concentration within the size bin of width dDmax around Dmax .
Zhh and IWC are calculated for 1632 diﬀerent PSDs. The PSD parameters used for these computations have
been selected by uniformly sampling values between the parameter’s limit expressed in Table 2. The numerical integration has been performed using the Simpson quadrature rule. The PSDs have been truncated at
min(Dmax ) = 1 mm and max(Dmax ) = 15 mm as in Marzano et al. [2010]. The results of these calculations are
shown in Figure 13.
Zhh of dry snowfall obtained from the radiative properties of the ADDA-SAM model and the Mie-SAM model
(Figure 13) are very similar as a consequence of the relatively small diﬀerences in the computed 𝜎bk .
Zhh of dry snowfall obtained from the scattering data of the ADDA-SAM model are lower than those
obtained with the Mie-1 and Mie-500 layer models. The diﬀerences between the data sets are of the order
of 5 dBZ for all the frequencies investigated and for values of IWC of the order of 10−4 g/m3 and reduces
as the ice content increases. These diﬀerences at small values of IWC are mainly due to the features of the
PSDs used for the comparisons. The inverse exponential PSD implies a large number of small particles.
Since, for small particles, the sphere-Mie data sets show larger backscattering cross sections with respect
to the ADDA-SAM model, larger reﬂectivity values are computed for distribution of spherical scatterers. As
the PSD mean shifts to larger values the diﬀerence between the two data sets reduces due to the larger
amount of large snowﬂakes included in the PSD. Note that aircraft measurements of the snow size distribution are generally aﬀected by particles shattering at the optical probes [Heymsﬁeld et al., 2008] and the
relative importance of small particles to the total reﬂectivity could be generally overestimated. For an unbiased calculation of the snow reﬂectivity it is thus necessary to properly represent both the particle’s radiative
properties and the PSD characteristics.

The diﬀerence between the ADDA-SAM and the Mie radar reﬂectivities in the case of wet snowﬂakes are of
the order of 2 dBZ for all the frequencies. The reduced diﬀerence between the two data sets with respect
to the dry case is explained by considering the fact that the diﬀerence of the backscattering cross section
between wet and dry snowﬂakes for small particles (Figure 12) is larger in the spherical models than in the
ADDA-SAM model.
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Figure 14. Copolar radar equivalent reﬂectivity at horizontal polarization for (right) C and (left) W frequency bands as a
function of the snow rate. Each blue dot represent a diﬀerent PSD of dry snow in the ADDA-SAM model. The overlapped
red line is a power law ﬁt of the results of the ADDA-SAM model. Black and green dots represents the results obtained
using the Mie-1 homogeneous sphere and the Mie-500 layered-sphere models, respectively (in the left the green dots
are completely overlapped by the black ones); magenta dots are obtained with the 50-layered Mie-SAM model (in both
panels magenta dots are almost completely overlapped by the blue ones).

3.4. Snowfall Rate and Scattering Simulations
Liquid equivalent snowfall rate (SR) can be expressed as
SR = 𝜌−1

max(Dmax )

∫min(Dmax )

m(Dmax )vt (Dmax )N(Dmax )dDmax

(9)

where m(Dmax ) is the mass size relation of the snowﬂakes (equation (3)), 𝜌 is the mass density of water, and
vt (Dmax ) is the terminal fall velocity-size relation. Equation (9) is expressed in general units of measure as in
Matrosov [2007]; given units of measure for the operands used in the text (grams for masses, m/s for terminal
fall velocities, mm−1 m−3 for PSD, and millimeters for Dmax ) a factor of 3.6e6 should be applied to convert the
resulting m/s to the most commonly used mm/h.
The relationship between falling speed and size of snowﬂakes is a complicate relation of the type and shape
(and other properties) of the snowﬂakes. Numerous studies have modeled the terminal fall velocity of
aggregate snowﬂakes with a power law relationship as a function of the maximum dimension of the falling
particle. The equations describing the falling speed as a function of the size of the snowﬂakes are just simpliﬁed formulas, and the accuracy of these relationships is not guaranteed. Brandes et al. [2007] published
two speed-size relationships that come from ﬁtting data sets from two diﬀerent snow events:
vt (Dmax ) = 2.076D0.141
max
vt (Dmax ) = 2.958D0.157
max

(10)

Another speed-size relation from Straka et al. [2000] is also introduced to evaluate the sensitivity of SR to the
fall speed-size relation
vt (Dmax ) = 4.836D0.25
max

(11)

For the three fall speed-size relations shown the Dmax is expressed in meters. For particle dimension less than
5 mm (that represent the majority of the considered PSDs) equation (11) falls in between the two Brandes’
relationships (equation (10)).
The Zhh -SR relationships are particularly important because they give the opportunity to directly measure
the amount of precipitation from radar measurements. Figure 14 shows the computed copolar reﬂectivity
as a function of the sampled PSD for two radar frequencies. A power law’s ﬁt (red line) of the Zhh -SR results is
also shown in case of dry aggregates.
In C band the diﬀerences between the Zhh computed with the homogeneous sphere model and the 500
layered-sphere model are minimal. The diﬀerences against ADDA-SAM results decrease from 2 to 0 dBZ as
the liquid equivalent snowfall rate increases from 0.001 to 1 mm/h. As discussed in the previous section for
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the Z -IWC relations this characteristic is
due to the relative importance of small
particles in the used PSDs. For W band
the reﬂectivity computed using the 500
layered-sphere model is 3 dBZ greater
than that computed using the homogeneous sphere model. The ADDA-SAM
results are equivalent to the homogeneous sphere results for liquid-equivalent
snowfall rates of the order of 0.01 mm/h
and become equivalent to those obtained
with the 500 layered-sphere model for
snowfall rates of the order of 1 mm/h. The
Mie-SAM and ADDA-SAM computed Zhh
are very similar principally due to the large
amount of small particles considered in
the used PSDs. Size parameters larger than
5 are necessary to originate signiﬁcant
diﬀerences between the two models.

Given the importance of the Z -SR relation
at W band, which is the frequency of the
cloud proﬁling radar on board the CloudSat satellite, in Figure 15 the calculated Z -SR relationship derived
for the aggregates (and using all the three fall speed-size relations discussed above) is compared to other
results published in literature. This comparison shows that the sensitivity of the derived Z − SR relationship to the assumed fall speed-size parametrization is much less than the spread observed for the other
Z − SR relationships.

4. Conclusions
A new approach (SAM) that generates realistic dry and mixed-phase snow particles is developed. The study
aims at simulating physically based complex snowﬂake habits that follow measured size-mass relations. The
model uses simple hexagonal columns with variable linear dimensions and random orientation as building
blocks. The implemented aggregation process is suﬃciently versatile to model the aggregation of crystals of arbitrary shapes and sizes, but the growth of the snowﬂakes is statistically constrained to follow a
speciﬁed size-mass relationship [Brandes et al., 2007]. The aspect ratios of the generated ﬂakes have been
analyzed to assess their consistency with the snowﬂakes observed by Brandes et al. [2007]. The ﬁtting of a
speciﬁc size-mass relation is just a demonstration of applicability of SAM. Future work will aim at model particles that ﬁt diﬀerent published mass-size relations in order to better represent the natural variability of
snow characteristics. The modeling of melting snowﬂakes allows to simulate the transition from the radiative properties of a dry snowﬂake to those of a mixed-phase particle which are of primary importance for
the remote sensing of midlatitude precipitation. A direct comparison of the single-scattering properties of
dry and wet snowﬂakes with the same mass, dimension, and shape is performed. Since a relevant melting
process would change the morphology of the snowﬂake, the proposed method is not appropriate to model
mixed-phase particles with large values of melted fraction. Future work will focus on the representation of
wet snow with any value of melted fractions.
The radiative properties of the simulated particles are computed using the DDA method at 7 frequencies.
Results from the ADDA-SAM models are compared to those of simpliﬁed spherical objects computed using
the Mie solution. Diﬀerent levels of accuracy for the representation of the radial mass distribution of the
spherical targets are adopted. The highest degree of approximation of the complex aggregate using the
spherical assumption is obtained by modeling a layered sphere with the exact radial density distribution
of the SAM snowﬂake. The comparison between the radiative quantities calculated with the diﬀerent models addresses the problem of the determination of the range of applicability of the spherical approximation
for the modeling of complex snowﬂakes in radiative transfer studies. The analysis of the radiative properties obtained with the spherical models and the complex aggregated particles produced by SAM shows
that the former are inadequate to represent the scattering characteristics of large aggregated particles
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(Figures 8 and 9). In particular, for size parameters larger than 3 the ADDA-SAM backscattering cross-section
values are up to 3 orders of magnitude larger than those of spheres (Figure 10). Moreover, backscattering
cross sections of the ADDA-SAM models do not show any strong resonance eﬀect.
Large diﬀerences in the phase functions computed with ADDA-SAM or assuming a Mie-spherical model are
observed. Otherwise, diﬀerences in the total scattering cross-sections are less signiﬁcant.
The backscattering cross sections are integrated over a set of PSDs in order to evaluate the sensitivity of
radar parameters to the diﬀerent models of snowﬂakes. Substantial diﬀerences between the radiative properties calculated using complex models (such as ADDA-SAM) and those obtained from simpliﬁed spherical
models (Mie applied to homogeneous sphere) are observed. However, when a Mie solution is applied to
a layered-sphere model with same radial density distribution as the one obtained for the aggregates, differences in the Zhh are much less intense for the PSDs considered. Calculations of the radar equivalent
reﬂectivity are sensitive to the radar backscattering model as well as the mass-dimension relationship and
the PSDs used to describe the precipitation. For this reason it is fundamental to develop a robust characterization of ice and snow microphysical properties based on observations in order to properly model the
radiative properties of snowﬂakes and develop robust Z -SR relationships.
Given the generality of the collision-coalescence method of aggregation, the evolution of the SAM code
is able to simulate the aggregation process of an entire population of pristine crystals which gives a physical link between the characteristics of the simulated aggregates and the thermodynamic variables of
the environment.
Future investigation on hydrometeors with preferential orientation will allow a more complete study of
the radar signature of snowfalls. Also, the study of radiative properties of snowﬂakes at higher frequencies
will enhance the performance of snow detection algorithms allowing a better exploitation of passive MW
radiometer’s data and active/passive MW synergy, enhancing the exploitation of multifrequency radar and
radiometer capabilities being deployed in future satellite missions.
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