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Modeling Antenna Noise Temperature Due to
Rain Clouds at Microwave and Millimeter-Wave
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Abstract—A characterization of the antenna noise temperature
due to precipitating clouds at Ku band and above is described by
deriving a closed-form solution of the scalar radiative transfer
equation. Following the so called Eddington approximation, the
analytical model is based on the truncated expansion of unpo-
larized brightness temperature angular spectrum in terms of
Legendre polynomials. The accuracy of the sky-noise Eddington
model (SNEM) is evaluated by comparing it with an accurate
numerical solution, taking into consideration a wide variability of
medium optical parameters as well as a typical rain slab model.
The effect of the antenna pattern for ground-based antennas is also
quantified. Physically-based radiative cloud models, characterized
by a vertically-inhomogeneous geometry, are also introduced.
Hydrometeor optical parameters are calculated and modeled
for a large set of beacon channel frequencies. Nimbostratus and
cumulonimbus models are finally applied to SNEM for simu-
lating slant-path attenuation and antenna noise temperatures for
ground-based antennas. Results are compared with ITALSAT
satellite receiver measurements and co-located radiometric data
between 13.0 and 49.5 GHz for various rain events during 1998.

Index Terms—Antenna noise temperature, clouds and rainfall,
radio propagation, scattering, sky noise temperature.

I. INTRODUCTION

THE growing need of larger bandwidths for communi-
cation channels has prompted a wide investigation of

beacon frequencies above Ku band [1], [2]. At these frequen-
cies the atmospheric effects, including both signal scintillation
and fade, are not any more negligible and have to be taken
into account for a correct link budget design and optimum
resource allocation [3]–[7]. The impact of light-to-moderate
rainfall, and even of nonprecipitating clouds, can be significant
in terms not only of path attenuation, but also of sky-noise
antenna temperature [8]–[10]. For marginal carrier-to-noise
ratio, the system noise temperature is usually small so that the
influence of sky noise temperature can substantially affect not
only ground-based receiving antennas, but also transponder
antennas with a multi-spot field-of-view pattern [6]. These
radio propagation issues have raised a renew interest in quan-
tifying the atmospheric attenuation and sky noise temperature
at microwave and millimeter-wave bands. Whereas clear-air
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effects are fairly well understood and predicted, at Ku band and
above the impact due to clouds and precipitation is generally
treated from an empirical point of view [11]–[13]. International
recommendations on radio propagation suggest methods which
are mostly based on conventional measurements below 20
GHz, whereas prediction models are generally tested only up
to 30 GHz [13]. Their validity is generally based on a statistical
tuning on relatively long-term scales, whereas underlying elec-
tromagnetic (EM) models are strongly simplified as in the case
of rain uniform slabs with single-scattering assumption. Indeed,
multiple scattering incoherent effects can become appreciable
when a millimeter-wave link is through rainfall [14], [15].

In order to accomplish an accurate characterization of these
microwave and millimeter-wave channels, one could resort to
experimental links which are, however, not always easy and
cost-effective to set up [16], [17]. As an alternate choice, phys-
ical radiative models can be developed with the advantage to
deal with a versatile and powerful methodology, but, on the
other hand, with the need to describe in a fairly complete way the
predominant EM processes of atmospheric wave propagation
(e.g., [18]–[20]). The modeling of measured sky noise tempera-
ture due to clouds and precipitation requires an appropriate the-
oretical framework [8], [21]. A way to rigorously approach elec-
tromagnetic propagation in a scattering medium is to resort to
the radiative transfer equation (RTE) (e.g., [21], [22]). Crude ap-
proximations of RTE, like those interpreting the medium effec-
tive temperature as its physical temperature, should be avoided
because quite inaccurate to describe rain clouds in various in-
tensity regimes [13], [23]. Complete numerical solution of RTE
may be computationally intensive especially when embedded in
iterative procedures [24], [15]. The uncertainty within the de-
scription of atmospheric model inputs (e.g., cloud structure, hy-
drometeor distribution, meteorological state) can contribute as a
potentially large source of error and further reduces the intrinsic
value of RTE precise mathematical models for many applica-
tions [25], [26]. Finally, in radio propagation it is also customary
to avoid too complex numerical models and try to deal with rel-
atively simple and effective approximations of the phenomenon
having in mind link budget design tradeoffs [27].

In view of these open issues, the aims of this work are: i)
to illustrate an accurate analytical model of sky noise temper-
ature due to rain clouds where all main scattering parameters
can be explicitly modeled through regressive formulas; ii) to
apply this analytical model to physically-based synthetic rain
clouds in order to evaluate the sensitivity of modeled sky noise
temperature to atmospheric vertical inhomogeneity at Ku band
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and above; iii) to validate this analytical model both numerically
using well-documented and accurate algorithms and experimen-
tally using a large set of Earth-satellite measurements at Ka, K,
and V band.

Consistently with the aforementioned objectives, the paper is
organized as follows. In Section II, after a brief introduction of
the theoretical framework and basic terminology, a closed-form
solution of the radiative transfer equation is derived adopting the
so called Eddington approximation and extending it by means
of a scaling technique in Appendix A. These results, focused on
ground-based antennas, are numerically validated and also ex-
tended to satellite-based antenna observations in Appendix B. In
Section III the sky-noise Eddington model (SNEM) is applied
to synthetic rain-cloud vertical structures, providing regressive
models of rain cloud optical parameters and a quantification
of the impact of ice hydrometeors. The sky-noise temperature
simulations of nimbostratus and cumulonimbus rain-clouds are
compared and validated against ITALSAT satellite receiver data
at Ka band and above. Section IV is finally dedicated to a sum-
mary and a discussion of potentials and limitations of the pro-
posed model.

II. MODELING SKY NOISE TEMPERATIRE

Antenna noise temperature can be computed as a con-
volution between the directivity gain of the antenna and the
incident brightness temperature due to the atmospheric and
environmental scenario [27]. Sky-noise can vary from few
kelvins up to hundreds of kelvins depending on the frequency
and the presence of gases, clouds and rainfall along the path.
An atmosphere with clouds and rain can be modeled as an ab-
sorbing and scattering medium characterized by a polydisper-
sion of hydrometeors having different size, composition and
shape [28], [29]. At a given frequency and for unpolarized ra-
diation, the volumetric extinction coefficient is defined by

, being the volumetric absorption coefficient and
the volumetric scattering coefficient. If EM scattering is sym-
metric about the incident wave direction, the volumetric scat-
tering phase function can be introduced by

(1)

where is the volumetric differential scattering coefficient and
is the cosine of the scattering angle . The latter

is the angle between the incident and scattering
EM wave directions, expressed by

(2)

where the cosine of polar angle is indicated by . The
normalization of in (1) is assumed to be to —note that this
normalization of may be different from others also used in lit-
erature [28]. The volumetric albedo is defined as ,
which is a measure of scattering efficiency (e.g., a nonscattering
atmosphere has a null albedo). The atmospheric optical parame-
ters , and can be computed once known the properties of
the hydrometeor polydispersion. The EM radiation, impinging
on the receiving antenna, will be the result of the extinction,
emission and multiple scattering processes in the atmosphere

Fig. 1. Schematic illustration of a stratified medium along the vertical
coordinate z, having a thickness H and composed of L adjacent layers
characterized by three optical parameters: extinction coefficient k , albedo w

and phase function p (or asymmetry factor g). The layer are numbered from
the medium top in an increasing order (l = 1; 2; . . . ; L). The optical thickness
coordinate � is opposite to z with its origin � = � = 0 corresponding to
z = z = H . The medium bottom surface is at � = � = 0 corresponding
to z = 0. Downwelling and upwelling angles of antenna noise temperature
T (�; ') are also indicated, emphasizing the adopted convention for cos(�).

with clouds and rainfall. A theoretical framework to model the
received is given by the radiative transfer theory [28], [29].

A. Radiative Transfer Framework

Let us consider a horizontally-stratified atmosphere with a
bottom level at (surface) and a top height at , as
in Fig. 1. A plane-parallel geometry is generally an appropriate
assumption because gravity forces a density stratification. Fig. 1
schematically depicts the medium geometry in the general case
of layers and the relative coordinate system, which will be
used throughout this paper. A vertical coordinate (along ) in
terms of vertical optical thickness or path attenuation [dB]
at frequency can be defined as

(3)

where at and at with explicitly
dependent on , as in Fig. 1. The polar angle is defined for

such that and hold for
downward directions and upward directions, respectively. For
simplicity of notation, we have dropped the frequency depen-
dence of optical parameters.

For a plane-parallel stratified atmosphere, the unpolarized
brightness temperature , observed at for a fre-
quency along and , satisfies the integro-differential
radiative transfer equation (RTE). Notice that this is equivalent
to describe the behavior of the first parameter of the Stokes
polarization vector [28]. The azimuthal dependence of
can be due to: i) anisotropic sources of emitted radiation and
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multiple scattering; ii) horizontally finite dimension of the at-
mosphere; and iii) azimuthal asymmetry of surface reflectivity.
If we can exclude all these causes, the dependence of on

may be omitted. In other words, if we integrate
with respect to over and define an azimuthally-average
brightness temperature and an azimuthally-averaged
scattering phase function , consistently with Fig. 1 the RTE
can be written as

(4)

where the pseudo-source function is expressed by

(5)

with the physical temperature and where the medium param-
eters have been assumed dependent on . The first term of is
sometimes referred to as the multiple scattering source, while
the second term represents thermal emission. It is worth men-
tioning that the same equation for can be obtained by
expanding the brightness temperature in a Fourier cosine series
with respect and then taking the zero-order term.

It is convenient to introduce the polar-angle cosine mod-
ulus with so that and

hold for downwelling and upwelling brightness
temperatures, respectively (and the same applies to all func-
tional dependence on ). Then, referring to Fig. 1,
at can be formally expressed by means of RTE integral
form

(6)

The above expression is only a formal solution since the source
function is actually depending on itself. The solution of
(4) can be derived once the boundary conditions are imposed.
This physically means that, in case of a scattering medium, sur-
face EM diffusion is coupled with atmospheric radiation. For a
rough surface, such as an idealized land, a Lambertian surface
emissivity model can be adopted if the surface differential
reflectivity can be assumed independent of angle. At the top of
the atmosphere at and for a Lambertian random surface
at , it holds

(7)

where K is the cosmic background brightness tem-
perature at microwave and is the surface temperature. For a
specular surface, such as a calm sea, the differential reflectivity
can be expressed through the polarization-dependent Fresnel re-
flection coefficients (see Appendix B).

B. Sky-Noise Eddington Model for Uniform Atmosphere

Let us consider, for simplicity, a uniform atmospheric layer
between and of thickness . In this circumstance

RTE exhibits constant coefficients, that is the optical parame-
ters , and become independent of (optical) distance. A
way to approach the solution of RTE is to expand the angular
spectrum of the phase function in terms of Legendre polyno-
mials of order , satisfying the orthogonality property in the

interval. Under the hypothesis of symmetric scattering,
we can write [28]

(8)

where are the Legendre polynomial expansion coefficients
with and recursively for th-order poly-
nomials. In many applications the truncation of this Legendre
series to the first order (i.e., ), also called Eddington’s
approximation [40], is quite effective [30], [31]. The average
scattering phase function then becomes

(9)

being the weights and given by and with
, by definition, the asymmetry factor of the scattering phase

function [15]. It is worth mentioning that (9) coincides with
the Sobolev approximation of [32] and that it can be also
obtained as azimuth average of . The physical
constraint implies that in (9). Analogously
to , the angular spectrum of can be also expanded in terms
of Legendre polynomials and truncated at

(10)

where the expansion coefficients have been grouped in the terms
[40]. The knowledge of and completely

solves the RTE under Eddington’s approximation.
The detailed derivation of the approximate solution of (6)

coupled with (7), using (9) and (10), is given in Appendix A.
The proposed technique solves for and , evalu-
ates the source function from (5) and then expresses the
closed-form solution via (6). For ground-based antennas and a
uniform atmosphere, the closed form of the sky-noise Eddington
model (SNEM) then reduces to

(11)

where the optical parameters , and are transformed by
delta-Eddington similarity equations, given in Appendix A. As
a simple test, for a homogeneous slab with no scattering having

(i.e., ), and uniform temperature (and
), previous equation reduces to

(12)
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which is the well-known RTE solution for ground-based radio-
metric observations of absorbing media. If includes also scat-
tering contributions (i.e., ), (12) also expresses
the simplified formula suggested to compute sky noise temper-
ature due to rain clouds with K [13]. Note that Ap-
pendix B is devoted to the extension of (11) to satellite-based
antennas.

C. Numerical Validation

The validation of the analytical radiative transfer model, de-
scribed above, can be performed by resorting to RTE numer-
ical solutions, well tested and documented in literature. Among
the various RTE codes available, the discrete ordinate unpo-
larized radiative transfer (DisORT) is one of the most accu-
rate and widely used for inter-comparison purposes [24]. Within
DisORT the atmosphere is assumed to consist of L adjacent ho-
mogeneous layers in which , and are taken to be con-
stant within each layer. Physical temperature is supposed to be
linearly dependent on the vertical coordinate within each layer.
The angular variation in is discretized into directions so
that the multiple scattering is transformed into a sum by means
of a Gaussian quadrature (which implicitly ensures the normal-
ization of the phase function).

Our tests are devoted to the validation of radiance (brightness
temperature) results and not to their angular integral in terms of
flux density, defined in (A.9), and described in [33]. We will let
the optical parameters to vary independently within the whole
range of their definition domain. This test is an extreme one,
but it stresses the mathematical conditions where the solution
denotes its limitations even though these limits may be not of
physical importance. In order to reduce the numerical burden of
computation, we have sampled the variation of the key radia-
tive parameters. In particular, we have selected between 0.1
and 50, between 0.1 and 0.9, between 0 and 0.9, and the
polar angle between 0 and 75 . A linearly decreasing tem-
perature has been assumed with a surface temperature of 293.0
K and a top temperature of 273.0 K. The surface has been sup-
posed Lambertian with an emissivity of 0.9. In case of DisORT
computations, a Heyney-Greenstein phase function has been as-
sumed with the number of streams [34].

Fig. 2 shows the histogram of percentage brightness tem-
perature error, defined as 100 ,
for ground-based antennas at zenith when avoiding and when
using the delta-Eddington transformation of optical parameters
(see Appendix A). When the delta-Eddington transformation is
not applied, an average error of about 25% is obtained with
peaks more than 50% in some critical circumstances. The errors
are generally larger for smaller optical thickness (i.e., smaller
extinction), higher albedo and asymmetry factor and smaller
zenith angles. A major source of discrepancy may be attributed
to the behavior of the scattering phase function which, in case
of a Sobolev approximation, is significantly different from that
of Heyney–Greenstein [35]. When using the delta-Eddington
transformation, it is apparent that in all cases the overall per-
centage error is drastically reduced to less than 5%, still with
the same trend with respect to the optical parameters. Indeed,
very low optical thickness values are rarely associated to large
volumetric albedo and scattering asymmetry for natural media.

Fig. 2. Occurrence of percentage brightness temperature error, defined as
100(T � T )=T , for ground-based antennas at zenith
when avoiding (top panel) and when using (bottom panel) delta-Eddington
transformation of optical parameters. Simulations refer to a homogeneous
layer of variable optical thickness � , albedo w and asymmetry factor g with a
Lambertian surface temperature of 293 K and a top temperature of 273 K.

Fig. 3. Percentage brightness temperature error, defined as in Fig. 2, as a
function of the vertical path attenuation A and brightness temperature T for
ground-based antennas at zenith. Results refer to a slab of spherical raindrops
of thickness 3 km with surface temperature of 293.0 K and a top temperature
of 273.0 K above a Lambertian surface. Frequency range goes from 10 to 90
GHz and observation angles from 0 to 80 , whereas rain-rates are between 0
and 100 mm/h.

Thus, the tails of the percentages errors larger than 5% are due
to the fact that we have arbitrarily neglected the mutual relation-
ship among the optical parameters.

As a more realistic model of a scattering medium, we have
chosen a uniform rain slab of 3 km with surface temperature of
293.0 K and a top temperature of 273.0 K, above a Lambertian
surface with an emissivity of 0.9. A Marshall-Palmer drop size
distribution [41] has been used to compute the optical parame-
ters under the assumption of spherical liquid particles (see Sec-
tion III). The delta-Eddington transformation has been adopted
for calculations. Frequency range goes from 10 to 90 GHz
and observation angles from 0 to 75 , whereas rain-rates are set
between 0.01 and 100 mm/h. Fig. 3, shows the percentage
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Fig. 4. Effects of the antenna pattern for ground-based antennas on the
observation of a 3-km rain slab with a 10 mm/h and 10 mm/h precipitation rate.
Top panel shows the angular spectrum of the incident brightness temperature
T , whereas in the bottom panel sky noise temperature (T ) and brightness
temperature difference is shown for a parabolic antenna with a diameter of
30 cm.

error, defined as in Fig. 2, as a function of the vertical path at-
tenuation and sky noise temperature for ground-based an-
tennas. Using the rain slab model, the overall percentage errors
are less than 2% with a tendency to underestimate the true
value. The larger underestimation is for smaller values of optical
thickness. This may be explained taking into account that, since
albedo weights the multiple scattering effects [see (5)] mostly
governing the angular spectrum, in this region of the er-
rors due to the first-order approximation of zenith variations
are not compensated by extinction effects.

D. Antenna Pattern Effects

We have shown the previous results in terms of observed
brightness temperature . It is interesting to evaluate the effect
of the antenna pattern when observing a rain medium in order
to quantify the differences with respect to the received antenna
noise temperature . The latter is given by [27]

(13)

where is the antenna directive gain. For simplicity, let us as-
sume a Gaussian-shape for the antenna pattern with the
half-power antenna beam-width. The latter, for a parabolic an-
tenna of diameter , can be approximated by
with the wavelength (e.g., [15]). Thus, the downwelling an-
tenna noise temperature can be expressed by

(14)

In order to test the difference , using (14), we have
selected the rain slab model of 3 km and a variable rain-rate,
considering an antenna with a diameter of 30 and 120 cm to set
up its field-of-view.

As an example, Fig. 4, shows the effects of the antenna pat-
tern for a ground-based antenna of 30-cm diameter on the ob-

servation of a 3-km rain slab with a 10 mm/h precipitation rate.
The results are plotted in terms of the off-zenith angular spec-
trum of incident and of difference. The behavior
of as a function of zenith angle is expected: as zenith angle
tends to 90 (horizon), tends to saturate since the rain slab
is horizontally stratified and its path attenuation becomes larger
and larger. The angular behavior of is quite smooth and this
explains the very small effects of antenna pattern integration.
As expected, this difference is larger for smaller an-
tennas and lower frequencies since the corresponding antenna
beam-width becomes larger. As the rain-rate increases, the noise
temperature difference further decreases as the angular behavior
of is much smoother. These plots support the choice to deal
with instead of for ground-based antennas being their
difference less than 0.2 K.

III. CHARACTERIZING SKY NOISE TEMPERATURE

The delta-Eddington analytical solution, described in the pre-
vious section, has been derived, for simplicity, considering a ho-
mogeneous atmospheric layer. Realistic structures of clouds and
precipitation generally show a strong vertically inhomogeneity.
The finite horizontal extent of clouds cannot be considered in a
rigorous manner within our sky-noise Eddington model. How-
ever, on one hand, highly directive ground-based antennas, used
in microwave and millimeter-wave applications, partially min-
imize the problem of nonuniform beam filling. On the other
hand, parametric approaches (such as weighing raining cloud
and clear-air areas by means of semi-empirical factors or equiv-
alent 1-D slant geometries) can still be applied to obtain an ap-
proximate analytical solution to the radiative transfer problem
[22], [23].

A. Sky Noise Temperature Due to Inhomogeneous Rain Clouds

The vertically inhomogeneous atmosphere, modeling a
rain cloud, is divided into layers as in Fig. 1. The asso-
ciated vertical levels are indicated by optical depths

, where the layer number and optical depth
increase from the top to bottom of the atmosphere, that is

for and for . The basic
assumption is that each layer is homogeneous so that delta-Ed-
dington transformed optical parameters , and of th
layer are constant. In accordance with previous parameteriza-
tions, the temperature within each layer is assumed linearly
dependent on

(15)

where and the (positive) thermal lapse rate
may be different from layer to layer. The thermal structure of
the stratified atmosphere is thus determined by 2 constants.
Exploiting the results already obtained for a single layer, under
the Eddington approximation, the analytical solution of RTE is
for the th layer with is

(16)
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where and are the terms and specific for the th layer

(17)

The integration constants and
are relative to th layer and can be determined by imposing not
only the boundary conditions at and , but
also the continuity equations at the intermediate bound-
aries, i.e., at with . Generalizing (7), in
terms of flux densities (see Appendix A) we have (18), shown
at the bottom of the page, with and
is the belonging the th layer. After substituting (16) into
(18), the linear system in (18) represents a set of equa-
tions in unknowns which are the integration constants
and . A numerical solution of the previous
linear system provides all integration constants and, there-
fore, the complete expression of and in (16) for
each atmospheric layer. A scaling transformation is appropriate
in order to avoid unwanted singularities during the inversion
procedure [36]. From Appendix A, we know that the integra-
tion constants and can be transformed as

(19)

Previous expressions can be applied to ground-based obser-
vations in a straightforward manner using a recursive approach.
The set of recursive equations to determine the SNEM down-
welling at the th atmospheric level is

(20)

with and where all terms have been already de-
fined.

B. Radiative Models of Inhomogeneous Rain Clouds

One of the main problems to simulate clouds and precipi-
tation is to model their spatial variability [37]. Simple ad hoc
models, such as uniform slabs, can be useful to appraise the
main radio propagation features, but can be misleading when

Fig. 5. Vertical profiles of liquid (left panels) and ice (right panels)
hydrometors for clouds classified as Nimbostratus (Ns) and Cumulonimbus
(Cb). Profiles are expressed in terms of the integrated equivalent water content
within each layer (so that the vertical sum provides the total columnar content).
The symbols refer to the average value within each layer, while the point
dispersion around them gives an example of all possible realizations within the
generated ensemble. A middle-season meteorological condition (T = 22 C)
is supposed for the embedded clear-air state.

trying to interpret and quantify real beacon and sky noise mea-
surements [10], [14]. A way to approach to this problem is
to resort to the use of mesoscale cloud-resolving three-dimen-
sional (3-D) dynamical models which can provide output grids
at a given time within a simulation of a selected meteorological
event (e.g., [15], [38], [39]). The inherent advantage of this tech-
nique is to deal with physically-consistent cloud distribution in
space due to the explicit microphysics describing the cloud for-
mation and evolution.

In this work numerical outputs of a 3-D time-dependent
cloud mesoscale model of continental storms have been used
for generating cloud-structure data set, explicitly describing the
gross vertical distribution of five species of hydrometeors: cloud
droplets, raindrops, graupel particles, ice crystals and snow
particles. The physical-statistical methodology to randomly
generate rain-cloud profiles is widely illustrated in previous
works [38], [39] and only the results will be commented here.
We have considered both stratiform and convective clouds,
vertically described by seven homogeneous layers ( in
(18)). For a given meteorological scenario, a data set of 5000
rain-cloud vertical structures has been statistically generated,
retaining the physical and statistical features of the input
microphysical cloud model through its hydrometeor content
correlation matrices [38], [39]. As an example, Fig. 5 shows
vertical profiles of liquid and ice hydrometeors for clouds
classified as Nimbostratus (Ns) and Cumulonimbus (Cb),
respectively. Profiles are expressed in terms of the integrated
equivalent water content within each layer so that their sum
provides the total columnar content. The profiles of Fig. 5,

(18)
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refer to a middle-season mid-latitude meteorological condition,
characterized by a surface temperature, relative humidity and
pressure equal to 22 C, 90% and 1010 hPa, respectively, and a
temperature vertical gradient, humidity height scale and pres-
sure height scale equal to 6.5 Ckm , 1.3 km and 7 km ,
respectively. The vertical extension of Ns and Cb synthetic
clouds can be up to 6 km and 10 km, respectively, with a
significant difference of hydrometeor content values. Abundant
ice content above the freezing level (around 3 km) is typical
of convective profiles, whereas liquid water above 3 km may
indicate the presence of super-cooled droplets [37].

The hydrometeor size spectra have been characterized, except
for cloud droplets, by an inverse-exponential particle size distri-
bution (PSD)

(21)

where the subscript “ ” stands for the th hydrometeor, is the
radius, [m mm ] is the intercept in the logarithmic plane
(proportional to the particle concentration) and is the slope.
Equation (21) resembles the well-known Marshall-Palmer PSD
[41], but only one parameter (the slope ) is parameterized to
the precipitation rate [mm/h] being the intercept deter-
mined by the hydrometeor equivalent liquid water content
through

(22)

where and are the minimum and maximum radius of
each hydrometeor, their (constant) density and is the
incomplete Gamma function [42]. The slope parameter of the
size distributions has been parameterized to precipitation rate
using a relation with and constant empirical coef-
ficients. The latter has been derived from the Marshall-Palmer
PSD (with ) for raindrops, the Sekhon-Sri-
vastava PSD (with ) for ice crystals and
graupel and the Gunn-Marshall PSD (with )
for snow aggregates [35]. A Gamma PSD has been chosen
for cloud droplets [28]. Radius size ranges of cloud droplets,
raindrops, ice graupel, ice crystals and snow have been fixed to
0.001–0.01, 0.1–3.0, 0.1–5, 0.1–1.5, and 0.1–5.0 mm, respec-
tively. Density of ice graupel, ice crystals and snow has been
set to 0.5, 0.2 and 0.1 g cm , respectively. Snow dielectric
constant has been derived by a second-order Maxwell-Garnett
formula for inclusions of air in ice matrix. Melting particles
have been modeled as water-coated particle with ice core and a
coating thickness function of precipitation rate [38].

Microwave gaseous absorption has been here computed
by means of the Liebe model [43]. From (1), hydrometeor scat-
tering properties are completely described by , calculated for
a hydrometeor mixture within each layer through

(23)

where is the differential scattering cross section of the th
hydrometeor. In order to compute and hydrometeor absorp-
tion cross-section , to a first approximation the hydrometeor

Fig. 6. Optical parameters in terms of specific attenuation (or extinction
coefficient) k , volumetric albedo w and scattering asymmetry factor g as a
function of the precipitation rate for raindrops (top panels) and graupel particles
(bottom panels) at 18, 29, 39, and 49 GHz.

shapes have been here assumed all spherical or sphere-equiv-
alent. This implies that the Mie theory can be applied in an
efficient way for both homogeneous and spherically-coated in-
homogeneous particles [28]. Large raindrops and ice particles
cannot verify this assumption, as they may be modeled as nee-
dles, plates or dendrites, but the nonsphericity is considered as
a second-order effect in our unpolarized RTE model.

Once and are known, the optical parameters can be
easily computed for each cloud layer. Fig. 6, shows these optical
parameters as a function of rain rate for raindrops and graupel
particles at 18.7, 29.5, 39.6, and 49.5 GHz. Results for snow
particles are not shown being their behavior quite similar to that
of graupel particles with reduced values of (not larger than
1.1 km at 49 GHz) and slightly larger values of (which
can reach 0.85 at 49 GHz). Albedo of ice hydrometeors, i.e.,
graupel and snow, is close to 1 even for low rain-rates, as op-
posed to that of raindrops which is at most 0.5. However, rain-
drops exhibit a higher specific attenuation which is, for a given
precipitation rate, double than the graupel one (which is, in its
turn, almost double than that of snow). The asymmetry factor
for graupel and snow is also much higher than that of raindrops
which can be even negative at lower frequencies [35]. The ra-
diative implication of these considerations is that raindrop layers
will mostly contribute to determine signal fade, while graupel,
and, to a minor extent, snow will give rise to incoherent scat-
tering effects weighted by albedo [15].

Formulas to predict rain attenuation have been already pro-
posed [11], [12], but the vertical structure of a rain cloud needs
to be described by all optical parameters both for precipitating
liquid and ice particles. Previous plots may justify a polynomial
regression model of the optical parameters for rain, graupel, and
snow hydrometeors

(24)

where , and are frequency-dependent regression
coefficients and is the polynomial degree. Numerical tests
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TABLE I
REGRESSION COEFFICIENT FOR ESTIMATING RAIN, GRAUPEL AND SNOW SPECIFIC ATTENUATION k (km ), ALBEDO w AND ASYMMETRY FACTOR g FROM

SURFACE RAIN-RATE R (mm/h) ADOPTING THE QUADRATIC MODEL AS IN (24) at 12.5, 18.7, 29.6, 39.6, AND 49.5 GHz (SEE TEXT FOR DETAILS). ROOT MEAN

SQUARE ERROR (RMSE) IS ALSO INDICATED AND THE VALIDITY OF THE RESULTS IS FOR R > 1 mm/h

have proved that a quadratic form with in (24) is a better
choice than a power-law model for all three optical parameters
(especially and ) between Ku and V band. Table I provides
the regression coefficients of (24) and the related estimate ac-
curacy for each precipitating hydrometeor for mm/h and
between 12 and 50 GHz. The estimation error tends to increase
for rain-rates smaller than few millimeters per hour and larger
than mm/h due to the quadratic form of (24).

C. Numerical Results and Comparison With ITALSAT Data

Using (24) we can basically transform the hydrometeor con-
tent profiles into microwave optical parameters. The other RTE
input parameters, that we need to specify, are: ) the beacon fre-
quency ; ii) the observation angle ; iii) the surface emissivity

. With respect to item ), we have selected typical satellite link
frequencies. The analysis has included the frequency bands of
OLYMPUS and ITALSAT beacons, i.e., 12.5, 18.7, 29.7, 39.6,
and 49.5 GHz [2], and the most common channel frequencies of
ground-based radiometers, that is at 13.0, 20.6, 22.3, 23.8, 31.7,
36.5, 50.2, 53.8 GHz, and 90 GHz in order to characterize the
entire spectrum of interest [19]. With respect to item ii), we have
considered all zenith angles for ground-based antennas, but for
brevity we will show only the intermediate case of 45 obser-
vation angle. As proved, the validity of the sky-noise Eddington
model is not limited by neither frequency nor angle variation.
With respect to item iii), we have set the Lambertian emissivity

to 0.95 as a microwave average value of land surfaces.
Finally, by using the coupled rain-cloud radiative transfer

model illustrated before, a large simulated data set, consisting of
30 000 cloud structures together with related columnar hydrom-
eteor contents, surface rain-rate, slant-path attenuations and re-
ceived sky-noise temperatures at given frequencies and observa-
tion angles, has been simulated assuming a surface temperature
between 5 and 30 C. Fig. 7, shows the slant-path attenuation

[see (3) and Fig. 1] at 45 elevation angle and at
18.7 and 49.5 GHz, simulated from the cloud structure ensemble
shown in Fig. 5, for Ns and Cb genera as function of the sur-
face rain-rate. Results are also plotted in terms of the difference

where refers to the case where only liquid

Fig. 7. Slant-path attenuationA at 45 elevation angle and at 18 and 39 GHz,
simulated from the cloud structure ensemble shown in Fig. 5, for Ns (top panels)
and Cb genera (bottom panels) as function of the surface rain-rate. Left panels
refer to the case where all hydrometeors are considered, while right panels show
to the errors (A � A ) due to case where only liquid hydrometeors (i.e.,
cloud droplets and raindrops) are taken into account.

hydrometeors (i.e., cloud droplets and raindrops) are taken into
account. A fairly high correlation is noted between slant path
attenuation and both rain-rate and columnar water content. As
expected, total path attenuation increases with frequency for a
given surface rainfall. At 49 GHz, slant path attenuations larger
than 50 dB are obtained for rainfall less than 40 mm/h. The sig-
nificant role of precipitating ice hydrometeors in determining
total attenuation is appreciated for convective rain at 49 GHz,
where neglecting precipitating ice can give rise to an underes-
timation of tens of decibels. This should not surprise if, from
Fig. 6, we look at the values of graupel extinction which can
be up to 2 km at 49.5 GHz. The underestimation is lower for
stratiform rain due to the smaller contents of precipitating ice
associated to lower rain-rates, as from Fig. 5.

Fig. 8 shows the ground-based brightness temperature at 45
zenith angle and at 18.7 and 49.5 GHz, simulated from the same
cloud structure ensemble for Ns and Cb genera as a function of
rain-rate. The stronger the rain regime is the more pronounced
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Fig. 8. Ground-based sky noise temperature T at 45 zenith angle and at 18
and 49 GHz over a Lambertian land surface, simulated from the cloud structure
ensemble shown in Fig. 2, for Ns (top panels) and Cb genera (bottom panels)
as function of surface rain-rate when considering all hydrometeors (left panels)
and the corresponding errors (T � T ) when considering only liquid
hydrometeors (right panels).

is the saturation of ’s as a function of rainfall rate and, con-
sequently, path attenuation. For Ns a saturation effect is noted
only for very large rain rates. For convective rainfall, the fre-
quency dependence is largely reduced for rain-rate larger than
40 mm/h (path attenuation larger than 15 dB or columnar water
larger than 4 kg/m ) being the asymptotic values of ’s quite
similar. Precipitating ice hydrometeors play a role also in de-
termining ground-based ’s due to their impact on multiple
scattering effects [8], [22]. If only liquid hydrometeors are con-
sidered to compute , as in Fig. 7 for , there is an
overall underestimation of s (i.e., ) which
may be negligible (less than few percent) for Ns, but significant
(up to 20%) for Cb at lower rain-rates and frequencies when the
atmosphere is still relatively optically thin [39].

The main advantage of dealing with a physically-based prop-
agation modeling tool is the capability to reproduce any con-
figuration of the instrumental equipment at microwave and mil-
limeter-wave. An experimental verification of the sky-noise Ed-
dington model simulations should be carried out by employing a
receiver whose antenna noise temperature can be independently
evaluated. A way to circumvent this problem is to use measure-
ments derived from co-located link receivers and microwave ra-
diometers, possibly working within frequency bands close to
each other and with a similar pointing angle. In this work path
attenuation data acquired at the ITALSAT-satellite ground-sta-
tion, located in Pomezia (Rome, Italy), have been used [2]. Since
April 1994 measurements of the three ITALSAT-F1 propagation
beacons at 18.7, 39.6, and 49.5 GHz have been performed every
second at an elevation angle of 41.8 degrees with a three-re-
flector receiving antenna having the main dish diameter of 3.5 m
(that is, beam-widths from 0.2 to 0.5 ). The ground station was
measuring the amplitude and phase of co-polar and cross-polar
signals, at 18.7 and 39.6 GHz, and the polarization transfer ma-
trix of the atmosphere at 49.5 GHz. Concurrent measurements
performed by two microwave radiometers (REC-1 and REC-2)
at 13.0, 23.8, and 31.6 GHz, pointed to the ITALSAT satellite

Fig. 9. Ground-based sky noise temperature at 13, 23.8, and 31.6 GHz against
slant path attenuation at 18.7 and 49.5 GHz, measured at 41.8 elevation
angle at the ITALSAT station of Pomezia (Rome, Italy) during 5 rainfall
events on 1998 and compared with simulations derived from the sky-noise
delta-Eddington model applied to synthetic rain clouds as those in Fig. 5.

with beam-widths between 2 and 4 , and a set of ground meteo-
rological instruments also including a tipping bucket rain gauge,
have been synchronously logged every 4 s by the ITALSAT
ground station. The radiometric data have been routinely used
to assess the clear-air atmospheric reference level for calibrating
the ITALSAT beacon clear-air path attenuation. A moving av-
erage with 1-minute window and 1-minute sampling period has
been applied to analyze raw data.

In order to show a robust test, we have selected five cases of
both moderate and intense rainfall, observed in Pomezia during
1998. Fig. 9 shows the ground-based sky noise temperature at
13, 23.8, and 31.6 GHz against slant path attenuation at
18.7 and 49.5 GHz measured at 41.8 elevation angle at the
ITALSAT station of Pomezia (Rome, Italy) during 5 rainfall
events on 1998 and compared with simulations derived from
the sky-noise delta-Eddington model applied to synthetic rain
clouds as those in Fig. 5. The case studies refer to Nov. 19,
1997 at 09:00 local mean time (LMT), Apr. 27, 1998 at 10:00
LMT, Apr. 29, 1998 at 17:00 LMT, May 03, 1998 at 17:00 LMT
and Aug. 28, 1998 at 06:00 LMT. By collecting all the events,
more than 500 minutes of rain observations have been selected.
The convective rain events of Apr. 29, 1998 and Aug. 28, 1998,
which lasted only few hours, exhibit path attenuation up to 50
dBs at 49.5 GHz with a large dynamics of the measured radio-
metric brightness temperature up 290 K at 31.6 GHz. It is worth
mentioning that Fig. 9 is not aimed at performing a compar-
ison “point by point” between simulations and measurements
as we did not try to “reproduce” the radiometric measurements
by model tuning, but to show how multi-frequency attenuation
and sky-noise data, derived from a large set of measurements,
are represented by SNEM simulations.

Path attenuation and sky-noise temperature simulations
have been derived by merging the results from middle and
winter seasons with surface temperatures going from 15 to
30 C, as deduced from meteorological station data acquired
during each event. From Fig. 9 it can be appreciated the ability
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of SNEM synthetic data to follow the dynamics and mutual
correlation between attenuation and radiometric data spanning
from 13.0 to 49.5 GHz (similar results have been obtained at
39.6 GHz). There is a tendency of sky-noise simulated data
to overestimate corresponding measurements for intermediate
values of path attenuation and higher frequency plots (as for

at 31.6 GHz versus at 49.5 GHz). Hydrometeor depo-
larization effects, residual inter-calibration errors and different
beam-widths of the two different instruments (satellite receiver
and microwave radiometer) may affect this intercomparison.
In particular, the antenna-field-of-view may be not completely
filled with hydrometeors as assumed within SNEM simula-
tions, a condition often called “beam-filling” error. This effect
is more pronounced for less directive antennas as in the case
of low-frequency radiometer beams at 13.0 GHz. Nevertheless,
the nonlinear behavior of versus is clearly captured and
highest values of slant-path attenuation at 49 GHz are fairly
well represented by simulated sky-noise temperature data.

IV. CONCLUSION

An analytical model, called sky-noise Eddington model
(SNEM), for characterizing antenna noise temperature due
rain clouds has been described. In case of a homogeneous
atmosphere, the closed-form solution has been obtained by the
expansion of the brightness temperature angular spectrum in
terms of Legendre polynomials, as suggested by Edddington’s
approximation. For a vertically stratified atmosphere, an ex-
plicit recursive solution has been set up with appropriate
boundary conditions, parameter scaling transformation and a
stable inversion procedure. The accuracy of SNEM has been
systematically evaluated by comparing it with an accurate
numerical solution in terms of and not of fluxes, as usually
done in literature. The expected errors for a rain slab model fall
below 1.5% for both ground-based and satellite-based antennas.
The delta-Eddington transformation of the optical parameters
plays a crucial role in SNEM and it should be always used for
antenna noise simulations. The effect of the antenna pattern has
been also evaluated showing that, for ground-based observa-
tions, it is generally negligible due to the angularly-smoothed
radiometric response to rain, especially at high frequencies.

A physically-oriented radiative cloud model, able to char-
acterize the sky noise temperature and path attenuation, has
been also introduced. Nimbostratus and cumulonimbus models
have been derived from a physical-statistical technique, previ-
ously developed. For a large set of beacon channel frequencies
quadratic regression relations have been derived for specific
attenuation, albedo and asymmetry factor for precipitating
sphere-equivalent hydrometeors (raindrops, graupel particles
and snow aggregates). Finally, simulations obtained from the
physically-based SNEM algorithm have been compared with
attenuation and radiometric data, acquired at the ITALSAT
station of Pomezia during 5 rainfall events on 1998, showing
a fairly good agreement both for dynamic range and nonlinear
correlation behavior.

It is worth mentioning that the validity of the proposed
SNEM approach is not limited, in principle, to microwave and
millimeter-wave applications through Earth’s atmosphere, but

could be applied to a generic random medium such as vege-
tation cover. An apparent limitation of the proposed SNEM
scheme is the assumption of a planar stratified medium which
might be adequate in some observational circumstances such
as convective rain cells. This hypothesis should be verified by
comparing the horizontal size of the scattering phenomenon
with the antenna beam-width. If the beam-width is relatively
narrow, as for ground-based antennas, the proposed model
could be used by considering a slanted geometry [22]. Finally,
SNEM algorithm cannot be applied to simulate polarized

measurements, but more complicate schemes should
be employed (e.g., [44]). Indeed, if each term of scattering
phase matrix in a linearly-polarized basis may be expanded
in Legendre polynomial and truncated at 1st order, then the
Eddington theory would be applicable in a straightforward
way. Even the surface may be supposed polarized if no depo-
larization is included. If this is not the case, we would loose the
effectiveness of a closed-form solution. We stress that, when
dealing with nonisotropic media, other degrees of freedom
become significant such as the particle axial-ratio and their
random orientation. The need to specify these parameters
very often leads to significant unrealistic errors which may
be much larger than those due to a more conservative choice
of sphere-equivalent particles. Future developments shall deal
with radio propagation applications by introducing prediction
methods based on a multiple regression analysis and modeling
the frequency and elevation-angle scaling for stratiform and
convective rainfall.

APPENDIX A
THE SKY-NOISE EDDINGTON MODEL (SNEM)

Let us consider the special case of Fig. 1 consisting of a uni-
form atmospheric slab . By substituting the Eddington
expansion for both and , given in (8) and (9), into (4) and
solving the integral of , it holds

(A.1)

where represents the Eddington approximation of the source
function , given by

(A.2)

Notice that the layer temperature in (A.2) has been sup-
posed to be linearly dependent on with coefficients and
given by

(A.3)

where is the vertical temperature positive gradient (or
thermal lapse rate) and is the layer vertical thickness. In-
tegrating between and 1 the differential equation (A.1),
multiplied first by and then by , and using the
orthogonal property of Legendre polynomials, the differential
equation (A.1) reduces to the following system of ordinary
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differential equations with constant coefficients, conveniently
put in a matrix form:

(A.4)

The solution of the associated homogeneous differential
equation of (A.4) can be found by using the conventional
eigenanalysis method, yielding

(A.5)

where and are the integration constants. The eigenvalues
and the constant are given by

(A.6)

The structure of the known vector suggests looking for a par-
ticular solution which is a two-parameter linear function of .
Substituting this unknown function into (A.4), the particular so-
lution is found to be

(A.7)

The general solution of (A.4) is then

(A.8)

The integration constants and can be derived by imposing
the boundary conditions for and . These constants can
be obtained by prescribing the general boundary in terms of up-
welling and downwelling flux densities and , defined re-
spectively by

(A.9)

where (9) has been used in (A.9). In terms of and for
a Lambertian boundary condition, given in (7), it holds, please
see (A.10) at the bottom of the page. Inserting the expressions
of and into previous equations, after some algebraic
manipulation, the following linear equation system is deduced
for and in (A.11), shown at the bottom of the page. The
previous linear system can be solved either analytically in the
simple case of a single layer or numerically. It is worth noting
that the matrix to be inverted on the left-hand side of (A.11)

contains exponentials with a positive argument whose values,
for a large optical thickness, can give rise to unexpected ill-
conditioning in the inversion procedure [36]. In order to tackle
this problem, a scaling transformation of the unknowns and

can be performed by exploiting the structure of the matrix
itself. If we let and define [10]

(A.12)

then the linear system (A.12) becomes

(A.13)

where the terms and are clearly identified by
comparing (A.13) with (A.11). The system (A.13) is now incon-
ditionally stable for any optical thickness value and its solution
can provide the unknown constants and . By coupling
(A.8) and (A.14), once the physical and optical parameters of
the atmospheric layer are known, the RTE can be analytically
solved using (9).

A limitation of the Eddington model is due to the first-order
expansion of the azimuthally-averaged scattering phase func-
tion in (8), which may be inadequate for strongly scattering
conditions when , e.g., in presence of precipitating ice
within a rainfall cloud (see Fig. 6) [30]. In order to extend the
validity of (A.8), a delta-Eddington approach can be adopted ex-
tending it from radiance flux to calculations [23]. Following
this approach, the truncated delta-Eddington phase function
is defined as an approximation of the phase function including
a forward scatter peak through a Dirac delta function and a
two-term Legendre expansion of itself, that is [30]

(A.14)

where is, by definition, the fraction of forward scattering peak
and is the asymmetry factor of . Note that is correctly
normalized to 4 . The new factors and can be determined
by imposing the values of the first and second moments of the
delta-Eddington phase function . If is required to have the
same asymmetry factor as the original phase function is
determined once is known. The value of may be obtained by
imposing, for instance, that the second moment of is equal to
the second moment of , approximated by the Heyney-Green-
stein analytical phase function [34]. A mentioned property of
the Heyney-Greenstein phase function is that its th moment is
equal to th power of and it represents a fairly good approx-
imation of the Mie numerical phase function [15]. Thus, can
be determined resulting and then .

(A.10)

(A.11)
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As a final step, it is possible to evaluate the consequences
of using the delta-Eddington phase function by inserting the
latter into the azimuthally-averaged RTE. It is readily deduced
that the delta-Eddington RTE for is formally identical to the
original RTE, given in (4), if the optical parameters , and
are modified into , and by

(A.15)

Previous expressions in (A.15) can be interpreted as a similarity
transformation in RTE. Note that the transformed asymmetry
factor can be at most 0.5 when . The numerical results
of Section II will show the significant impact of using the delta-
Eddington approach in terms of RTE accuracy.

APPENDIX B
EXTENSION TO SATELLITE-BASED ANTENNAS

For satellite-based antennas, the argumentation is analogous
to that illustrated for ground-based antennas. The upwelling

, observed at (see Fig. 1) is given by

(B.1)

Note that for a Fresnelian boundary condition, useful to charac-
terize a sea surface background from satellite, the azimuthally-
isotropic surface boundary condition can be formulated as

(B.2)

where is the Fresnelian surface emissivity, dependent on
and on the polarization state. Indeed, the surface emissivity of a
partially-rough surface (such as land including relief effects and
ocean with foam) can be also treated by decomposing into
a properly weighted specular Fresnelian component and a
diffused Lambertian component [38].

After the evaluation of the integral (B.1) using (A.2), the
SNEM closed-form approximation of upwelling at the top
of the atmosphere for a single homogeneous layer is

(B.3)

where is given by inserting (11) into the surface
boundary condition (B.2) and, again, the optical parameters

, and may be transformed by delta-Eddington similarity
equations given by (A.15).

Fig. 10 shows the same as in Fig. 2, but for satellite-based
antennas. The comparison with the ground-based antenna case
indicates smaller values of the percentage errors ranging up 15%

Fig. 10. Same as in Fig. 2, but for satellite-based antennas at nadir.

even though the delta-Eddington transform is not applied. In a
way, looking at the final expression given in (B.3), we realize that
theupwelling iscomputedhavingasaboundary thedowelling

. This means that the discrepancy with respect to the exact
DisORT solution is further reduced by using this “two-way”
radiance formulation. In other words, the extinction processes
become dominant with respect to the multiple-scattering source
processes when the scenario is observed from top of the medium.
When applying the delta-Eddington transformation, as expected,
the overall percentage errors are further reduced. Their values are
confined within 2% even when considering the overall indepen-
dent variability of the optical parameters and viewing angles.

Previous expressions can be sky-noise to a stratified atmos-
phere, as in Fig. 1, using the same recursive approach as in
(18). The set of recursive equations to determine the upwelling

at the th atmospheric level is then
the following:

(B.4)

where and upwelling at
the surface is obtained from downwelling by
applying the boundary condition (B.2) at .
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