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Optimum Estimation of Rain Microphysical
Parameters From X-Band Dual-Polarization

Radar Observables
John Kalogiros, Marios N. Anagnostou, Emmanouil N. Anagnostou, Mario Montopoli,

Errico Picciotti, and Frank Silvio Marzano, Senior Member, IEEE

Abstract—Modern polarimetric weather radars typically pro-
vide reflectivity, differential reflectivity, and specific differential
phase shift, which are used in algorithms to estimate the parame-
ters of the rain drop size distribution (DSD), the mean drop shape,
and rainfall rate. A new method is presented to minimize the
parameterization error using the Rayleigh scattering limit rela-
tions multiplied with a rational polynomial function of reflectivity-
weighted raindrop diameter to approximate the Mie character
of scattering. A statistical relation between the shape parameter
of the DSD with the median volume diameter of raindrops is
derived by exploiting long-term disdrometer observations. On the
basis of this relation, new optimal estimators of rain microphysical
parameters and rainfall rate are developed for a wide range of rain
DSDs and air temperatures using X-band scattering simulations
of polarimetric radar observables. Parameterizations of radar
specific path attenuation and backscattering phase shift are also
developed, which do not depend on this relation. The methodology
can, in principle, be applied to other weather radar frequencies.
A numerical sensitivity analysis shows that calibration bias and
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measurement noise in radar measurements are critical factors for
the total error in parameters estimation, despite the low param-
eterization error (less than 5%). However, for the usual errors of
radar calibration and measurement noise (of the order of 1 dB,
0.2 dB, and 0.3 deg km−1 for reflectivity, differential reflectivity,
and specific differential propagation phase shift, respectively),
the new parameterizations provide a reliable estimation of rain
parameters (typically less than 20% error).

Index Terms—Dual-polarization weather radar, parameteriza-
tion algorithms, rain microphysics, X-band.

I. INTRODUCTION

A MAJOR objective of dual-polarization weather radars is
the quantitative estimation of rainfall rate and drop size

distribution (DSD) parameters. In addition to radar reflectivity
(Zh) at horizontal polarization, these dual-polarization radars
provide, among other parameters, the differential reflectivity
(Zdr) and the specific differential propagation phase shift
(Kdp), which is calculated from differential phase shift (Φdp)
measurements. The two latter observables are the anisotropic
result of the non-spherical shape of raindrops on backscatter
(Zdr) and forward propagation (Kdp) of electromagnetic waves
with horizontal and vertical polarization components in rain [1].
According to measurements in rain, differential reflectivity Zdr

has been found to be related mainly to the raindrop size [2], [3],
which is typically characterized by the median volume diameter
D0, whereas Kdp is closely related to rainwater content, mean
drop shape, which is characterized by the drop axis ratio and
the standard deviation of the orientation angle of drops (zero
average value in rain) [1], [4].

A combination (algorithm) of the radar measurements Zh,
Zdr, and Kdp is usually utilized to estimate the parameters of
a theoretical (best-fitted) raindrop DSD, such as the normalized
Gamma distribution [5], [6], as well as the mean drop shape,
rainfall rate, and specific attenuation coefficient [7]–[14]. Due
to the complexity of scattering by rain, there are no closed-form
physical models that can be used for this estimation. Retrieval
algorithms are usually developed by fitting the results from nu-
merical simulations of scattering performed over the expected
range of DSD parameters, drop shape models, distribution
of the orientation of drop’s symmetry axis (canting angle),
and environmental conditions (air temperature) to predefined
polynomial or power functions of radar measurements (with
unknown parameters to be determined by the best fit). These
parameterizations are actually affected by a considerable error
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bias and standard deviation [1], [5], [8]–[11], [13]–[16] so that
it would be desirable to improve them to minimize the total
error, which also includes the measurement error.

This work presents a methodology to objectively define the
optimal parameterization functions that minimize the approxi-
mation error using radar scattering simulations as a reference
for a wide range of physical parameters and measurement
errors. The focus on X-band applications is due to the increased
interest in recent years for the use of X-band polarimetric radars
in rainfall studies [10], [11], [13]–[16], due to their advan-
tages like low cost, small size and mobility, high resolution,
and increased sensitivity to light rain. However, the proposed
methodology can be easily applied to radar observables at other
radar frequencies (for example, C band and above frequencies)
with similar results. The paper is organized as follows. After
the introduction of rain parameters and radar observables in
Section I, in Section III, the proposed methodology to define
optimal parameterizations with minimum approximation error
is described, and in Section IV, these methods are applied for
the Mie-parameterized retrieval of rain parameter from X-band
dual-polarization observations. This section also describes the
effects due to model calibration and measurements errors
and evaluates the method against radar parameters derived
from disdrometer measurements. Conclusions are summarized
in Section V.

II. RAIN MICROPHYSICAL PARAMETERS

AND RADAR OBSERVABLES

The rain DSD, the shape of the raindrops, and their orienta-
tion and air temperature in the radar sampling volume are the
parameters that control the scattering of electromagnetic waves
by raindrops. The DSD for a time period of some minutes has
been found to satisfactorily follow the Gamma distribution [17]

n(D) = N0D
μ exp(−ΛD) (1)

where D is the equivalent (due to the non-spherical shape) vol-
ume diameter of raindrops with units mm and N0, μ and Λ are
parameters of the volume density n(D) with units m−3mm−1.
An equivalent to (1) is the normalized Gamma distribution
proposed by [5], [6], and [18]

n(D) = Nwf(μ)

(
D

D0

)μ

exp

[
−(μ+ 3.67)

D

D0

]
(2a)

where

f(μ) =
6

3.674
(3.67 + μ)μ+4

Γ(μ+ 4)
(2b)

and the intercept parameter (Nw) now has units which do not
depend on the shape parameter μ in contrast to N0. The median
volume diameter (D0) is defined by

D0∫
0

D3n(D)dD =
1

2
E[D3] (3)

where E stands for the expectation value, which in practice
is estimated as the DSD-weighted integral over the whole
range of diameter values. Another frequently used measure
of raindrop diameter is the mass-weighted mean diameter
Dm = E[D4]/E[D3], which is related to D0 with the rela-
tion Dm = D0(μ+ 4)/(μ+ 3.67). Rain parameters can be
expressed in terms of DSD: an example is the rainfall rate
R = (π/6)E[v(D)D3], where v(D) is the terminal velocity of
raindrops expressed as a power or an exponential function of
their sphere-equivalent diameter [1].

The equilibrium shape of raindrops is considered to be an
oblate spheroidal with an axis ratio r = b/a (b and a are
the lengths of the minor and major axes, respectively) de-
termined by the balance of hydrostatic, surface tension, and
aerodynamic forces, but in reality raindrops exhibit steady-state
oscillations [4]. The axis ratio is usually modeled as a linear
or higher degree polynomial function of drop diameter. In
this paper, the model of [19], which is supported by recent
observations [20], is used

r = 1.0048 + 5.7× 10−4D − 2.628× 10−2D2 + 3.682
×10−3D3 − 1.677× 10−4D4 (4)

where D is in mm, and it is usually in the range 0–7 mm.
A linear model of axis ratio r = (1 + 0.5β)− βD (r = 1 for
D < 0.5 mm) is also commonly used as in [15], where the value
of the slope parameter β is about 0.066 mm−1 (equilibrium
value). This equilibrium value is obtained by fitting the linear
model of axis ratio to (4). In addition, raindrops tend to fall
with an orientation angle (the canting angle in the plane of
polarization of the incident electromagnetic wave) of their
minor symmetry axis with respect to the vertical direction due
to atmospheric turbulence [21] or an effective canting angle due
to drop oscillations [4]. Assuming a Gaussian model with zero
mean the standard deviation of canting angle, the distribution of
the latter is typically in the range 5◦–10◦ [1]. More precisely and
particularly for wide distributions with large standard devia-
tions, the orientation angles follow a Fisher distribution because
they correspond to the orientation of the symmetry axis which
is represented by a 3-D vector [1].

Using the above parameterizations of DSD, axis ratio and
canting angle distribution, it is possible to simulate radar ob-
servables (Zh, Zdr, and Kdp) in a radar volume using the
T-matrix method for numerical simulations of the scattering of
electromagnetic waves by spheroidal water raindrops [22], [23].
For Rayleigh scattering (limit of small drop diameter compared
to wavelength), zero canting angle, and ignoring constants of
proportionality, it can be shown that (see Chapter 7 of [1])

Z =100.1Zh ≈ E

[
D6

r
7
6

]
≈ E[D6]

r
7
6
z

(5a)

ξdr =100.1Zdr ≈ E[D6]

E
[
r

7
3D6

] ≈ 1

r
7
3
z

(5b)

Kdp ≈E[D3(1− r)] ≈ E[D3](1− rm) (5c)

where the symbol ≈ denotes approximation, Z (units
mm6 m−3) and ξdr (simple ratio) are the linear horizontal
and differential reflectivity, respectively (note that Zh will be
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expressed through the reflectivity Z in the rest of the paper)
and rz and rm are the reflectivity-weighted and mass-weighted
mean axis ratios, respectively

rz =
E(rD6)

E(D6)
(6a)

rm =
E(rD3)

E(D3)
. (6b)

In addition within the Rayleigh limit following the same
approach as in [1] the specific horizontal attenuation in rain Ah,
the specific differential attenuation Adp and the backscattering
differential phase shift δb (which contributes to the measured
differential phase shift Φdp) can be shown to be

Ah ≈E

[
D3

r
7
6

]
≈ E[D3]

r
7
6
m

(7a)

Adp ≈E
[
D3

(
1/r

7
6 − r

7
6

)]
≈ E[D3]

(
1/r

7
6
m − r

7
6
m

)
(7b)

δb ≈E

[
(1− r)

r
3
7

]
≈ [1− E(r)]

E(r)
3
7

. (7c)

The functions E(D3), which is the water content W with the
omission of the constant (π/6)ρw where ρw is the water den-
sity, and E(D6) can be estimated from the DSD given in (2a) as

E(Dν) = Fν(μ)NwD
ν+1
0 (8a)

for ν = 3 and 6, where

Fν(μ) = f(μ)Γ(μ+ ν + 1)/(μ+ 3.67)μ+ν+1 (8b)

and Γ indicates the Gamma function. To simplify calculations,
the mean axis ratios rz , rm, and E(r) may be assumed to be
approximately equal. This is justified because the purpose of
this section is to qualitatively define the Rayleigh-limit relations
of radar observables. The small effect of this approximation
on the accuracy of the parameterizations, which are derived
in the next sections, is verified by the small parameterization
error obtained according to the numerical tests. Furthermore,
to estimate an effective mean slope parameter (βe), it may be
assumed that the axis ratio follows the linear model. Rayleigh
approximation is not valid at high frequencies like X-band, but
it can provide a useful base to understand the dependence of
radar measurements on DSD parameters and raindrops shape.

III. METHODOLOGY TO PARAMETERIZE MIE EFFECTS

IN RADAR RAIN-RETRIEVAL ALGORITHMS

The Rayleigh-limit relations, presented in the previous sec-
tion, can be combined to estimate rain parameters from po-
larimetric radar measurements of Zh, Zdr, and Kdp. Using
(5a)–(5c) and (8a) and (8b). It can be shown analytically that

D0 =

[
F3(μ)

F6(μ)

Zh

Kdp
ξ
−1/2
dr

(
1− ξ

−3/7
dr

)] 1
3

. (9)

To check the application of this relation at X-band
(9.37 GHz), T-matrix scattering simulations were carried out for

all possible combinations (equally weighted) of rain parameters
in wide value ranges

1 ≤ log10(Nw) ≤ 5(m−3 mm−1)
0.5 ≤D0 ≤ 3.5(mm)
−1 ≤μ ≤ 5 (10)

with an increment of 0.1 for log10(Nw) and D0 and 1 for μ.
The drop diameter values used in the DSD calculations have a
range from 0.1 to 10 mm (taking into account the theoretical
corrections for truncation errors of the DSD moments) and a
resolution of 0.1 mm. The following physical and practical
constraints were used to exclude combinations of the simulation
parameters that give unrealistic radar observables

Zh ≤ 65 (dBZ)
0.2 ≤Kdp ≤ 20 (deg km−1)
R ≤ 300 (mm h−1). (11)

The elevation of the radar antenna was assumed to be 1◦ (that
is a typical operational value close to zero), air temperature T
at 10 ◦C, a Fisher distribution with a standard deviation of 7.5◦

for canting angle distribution, and raindrops axis ratio given
by (4). However, to include the effect of possible deviations of
axis ratio from this model, an effective mean slope parameter
(βe) in the range 0.026 to 0.106 mm−1 with an increment of
0.01 mm−1 was used by redefining axis ratio as re = 1− (1−
r)βe/0.066, where 0.066 mm−1 is the equilibrium value of
slope parameter, and an upper value of unity. In this way, the
function of axis ratio against raindrop diameter moves above or
below (4), depending on βe while keeping its shape. The wide
range of the simulation parameters Nw, D0, μ, and βe aim to
the development of parameterizations that are characterized by
small error even at extreme values of these parameters.

Fig. 1(a) shows that the right-hand part of (9) for various
values of μ at X-band is not a linear function of D0, as expected
due to the Mie character of scattering at these electromagnetic
frequencies. The functions F3(μ) and F6(μ) are not included
in the analysis, but even if they were included, the lines for
the various μ values do not collapse in one straight line as it
would be the case for Rayleigh scattering. To parameterize the
nonlinear effects of the Mie character of scattering at X-band, a
direct approach is to add to the right hand of (9) and generally
to the Rayleigh-limit relations a multiplicative factor which
could be a rational polynomial function of raindrops diameter.
Rational polynomial functions are able to approximate quite
accurately complex functions. The median volume diameter D0

could be used to represent the mean raindrops diameter, but
the reflectivity-weighted mean diameter Dz = E[D7]/E[D6]
can be estimated with a single relation by radar observables
irrespective of the unknown parameter μ as it is shown in
Fig. 1(b). The reflectivity-weighted mean diameter Dz is re-
lated to D0 with the relation Dz = D0(μ+ 7)/(μ+ 3.67) for
a normalized Gamma DSD. The removal of the direct effect of
μ is due in part to the fact that [D0F6(μ)/F3(μ)]

1/3 tends to
Dz for large values of μ, and it should be expected because the
reflectivity is the dominant radar measurement. This is desirable
in parameterizations because there are more independent rain
parameters to estimate (Nw, D0, μ, and βe) than the three
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Fig. 1. Correlation of the right-hand part of (9) against (a) median volume
diameter D0 and (b) reflectivity-weighted mean diameter Dz of raindrops from
scattering simulations at X-band. The units of Kdp and Zh are deg km−1 and
mm6 mm−3, respectively, while ξdr (ratio) has no units.

radar measurements Zh, Zdr and Kdp (input variables in the
parameterizations).

In addition, the use of Dz , as representative of raindrops
diameter, removes most of the dependence of the relations for
estimation of the parameters Ah, Adp, δb, and βe on μ, as it is
shown in Fig. 2. The functions of radar measurements, which
are used to scale these parameters, can be found from (5)–(8) in
a similar way as (9) with a change of exponents with value 0.5
to 0.2 in the scaling functions of Ah and Adp to minimize the
scatter of data. This indicates that the values of the exponents
in these functions, as well as the constants of proportionality,
should be estimated by a fitting procedure (the best fit criterion
was the minimum mean squared error) to minimize the scatter
of the approximations but keeping the form of dependence on
Zh, Kdp, and ξdr. The fitting procedure should also give an
estimation of the coefficients and the degree of the rational
polynomial functions of Dz , which describe the Mie character
of scattering as mentioned above.

For the rest of parameters to be estimated (the DSD parame-
ters D0, Nw, μ, and rainfall rate R), an additional constraint is
needed. Disdrometer data from various geographical locations
indicate that the DSD is a constrained Gamma distribution
where the shape parameter μ of the DSD, which is connected
to the width of the DSD, is related to D0 or equivalent to

the parameter Λ of the DSD [24], [25]. Fig. 3 shows data
from a bidimensional-video disdrometer (2-D-VD) which was
operating in Athens, Greece for about 6 years in the time
period 2002–2009. The disdrometer recorded DSD data in time
intervals of about 1 min within a diameter range 0.1 to 10 mm
and with a resolution of 0.2 mm. To exclude noisy data only,
the DSDs corresponding to rainfall rates R > 3 mm h−1 and
number density of raindrops Nd > 10 m−3 were used. The
DSD parameters Nw and Dm were computed using the DSD
moments method [4] applied to the measured distributions in
time periods of 1 min. The shape parameter was not estimated
with a similar moments method because this involves estima-
tion of high-order moments of the DSD (up to fifth or sixth-
order moment), which are characterized by large error due to
the measurement errors in the high tail (high raindrop diameter
values) of the DSD. Thus, the shape parameter was estimated
by the best fit of the normalized Gamma distribution (2a) to the
measured DSD. The estimates of Nw and Dm with best fit of
the normalized Gamma distribution to the measured DSD gave
frequent outliers, while the moments method for the estimation
of these parameters was more robust. These disdrometer data
support the idea of a constrained Gamma DSD and agree with
[25] for D0 values less than 2 mm. The limit of μ at higher
D0 values is a little higher than that of [25]. However, their
approach was to fit a second degree polynomial of μ to the
Λ parameter which does not favor the accurate estimation of the
limit of μ at large D0 values. A fit of an exponential function
of μ against D0 with a lower limit of −1, which is indicated by
the measured data, is

μ = 165e−2.56D0 − 1. (12)

An exponential function is used to describe adequately the
observed trend of μ to a steady value at large D0 values. This
correlation of μ with D0 is the additional constraint which
is needed for the estimation of D0, Nw and μ from radar
measurements. An additional measurement which is usually
available from polarimetric radars (like the co-polar corre-
lation coefficient ρhv) might be considered to remove this
constraint. The co-polar correlation coefficient ρhv depends on
the reflectivity-weighted variance and mean values of axis ratio
[1], and after some simplifying assumptions, it can be shown
that ρhv depends directly mainly on Dz and Zdr and a lot
less on μ (as T-matrix simulations at X-band also indicate).
Thus, in practice, the usage of ρhv to remove the above μ−D0

constraint in rain parameterizations is not advisable because
highly accurate (an accuracy of ρhv at about 0.001 [1]) and very
low noise radar measurements of ρhv would be needed.

IV. OPTIMAL PARAMETERIZATIONS FOR X-BAND

POLARIMETRIC ESTIMATION OF RAIN PARAMETERS

T-matrix scattering simulations at X-band were carried out
for a wide range of rain parameters and constraints, as described
above in (10) and (11) with the addition of constrained μ (the
exponential function μ(D0) in Fig. 3 instead of varying μ in the
range −1 to 5), Dz was limited in the range 0.5 to 8 mm, and
air temperature at 10 ◦C. Using the methodology described in
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Fig. 2. Scaled (a) specific horizontal attenuation Ah(dB km−1), (b) specific differential attenuation Adp(dB km−1), (c) backscattering differential phase shift
δb (deg), and (d) effective mean slope parameter βe(mm−1) against reflectivity-weighted mean diameter Dz of raindrops from scattering simulations at X-band.
The units of Kdp and Zh are deg km−1 and mm6 mm−3, respectively, while ξdr (ratio) has no units.

Fig. 3. Shape parameter of DSD μ against median volume diameter D0 of
raindrops from 1 min data of a video disdrometer operating in Athens, Greece
area for 6 years in the time period 2002–2009.

Section III, least-squares estimators of Dz , D0, Nw, βe, R, Ah,
Adp, and δb were properly looked for. It was found that third-
degree rational polynomial functions describe adequately the

Mie character of scattering and include most of the dependence
on Dz in the following form:

fp(Dz) =

3∑
n=0

anD
n
z

3∑
n=0

bnDn
z

(13)

where the subscript p indicates the corresponding rain pa-
rameter. The coefficients of the polynomials in the nominator
and denominator of fp(Dz) are given in Table I for each
relation rounded to four decimal digits for an accuracy in the
calculation of the polynomials better than 1%. The coefficients
a0 and b0 were forced to unity when such a fit was possi-
ble. The reflectivity-weighted mean diameter Dz (mm) has to
be estimated first from the following nonlinear parameterized
model:

Dz=Dz1fDz1
(Dz1)

Dz1=0.1802

[
Zh

Kdp
ξ−0.2929
dr

(
1− ξ−0.4922

dr

)] 1
3

(14a)

Dz=Dz2fDz2
(Dz2), Dz2=2.4780

(
1− ξ−0.5089

dr

)
. (14b)
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TABLE I
VALUES OF THE COEFFICIENTS OF THE RATIONAL POLYNOMIAL FUNCTIONS (13) IN THE PARAMETERIZATIONS OF RAIN

PARAMETERS BY (14)–(21) AT X-BAND (9.37 g Hz) WITH 10 ◦C AIR TEMPERATURE AND CONSTRAINED μ BY (12)

Equation (14b) is valid only for the equilibrium value
(0.066 mm−1) of the slope parameter βe and should be used
only in case of missing or very low (and close to noise)
Kdp measurements. The median volume diameter D0 can
be estimated from Dz either with an iterative method, using
the equation Dz = D0(μ+ 7)/(μ+ 3.67) for the normalized
Gamma DSD (as mentioned in Section III) and the constrained
value of μ in (12), or using a polynomial approximation which
is valid for the specific correlation of μ with D0 (mm)

D0 = DzfD0
(Dz). (15)

For the parameters Nw(mm−1 m−3), R(mm h−1), and
βe(mm−1), two parametric regressive models are derived

Nw =1.0174

[
Zh

F6(μ)

]
ξ−0.3822
dr D−7

0 fNw1
(Dz) (16a)

Nw =3610

[
Kdp(

1− ξ−0.3893
dr

)
]
D−4

0 fNw2
(Dz) (16b)

R =0.8279

[
FR(μ)

F6(μ)

]
Zhξ

−0.3779
dr D−2.33

0 fR1(Dz) (17a)

R =0.8106FR(μ)NwD
4.67
0 fR2(D0) (17b)

βe =3.2241

[(
1− ξ−0.3636

dr

)
Dz

]
fβe1

(Dz) (18a)

βe =444.16

(
Kdp

Zh

)
ξ0.3819dr D2

zfβe2
(Dz) (18b)

where FR(μ) = 0.6× 10−3π 3.78 F3.67(μ) [1] and fR2(D0) is
a function of D0. Equation (17b) is a straightforward derivation
from the definition of rainfall rate with the addition of function
fR2(D0) to account for an exponential law which was used,
instead of a power law for the terminal velocity of raindrops
against their diameter [1]. Equations (16b) and (18b) basically
include the direct use of Kdp (instead of including it only
implicitly in Dz) in addition to Zh and ξdr, but computationally
are the same within the small error of parameterization (which
is less than 5% as it is shown in the next section) as (16a) and
(18b), respectively.

Similarly, the estimated approximations for δb (deg),
Ah(dB km−1), and Adp(dB km−1) are

δb =1.2891ξ0.3566dr

(
1− ξ−0.7447

dr

)
fδb(Dz) (19)

Ah =3.1482× 10−5Zhξ
−0.1368
dr D−3

z fAh1
(Dz) (20a)

Ah =6.6888× 10−4

[
Kdpξ

0.3024
dr(

1− ξ−0.2107
dr

)
]
fAh2

(Dz) (20b)

Adp =3.1646× 10−5Zh

(
ξ−0.1991
dr − ξ−0.5254

dr

)
×D−3

z fAdp1
(Dz) (21a)

Adp =8.0295× 10−4Kdp

[(
ξ0.5025dr − ξ−0.5025

dr

)(
1− ξ−0.2262

dr

)
]

· fAdp2
(Dz). (21b)

As for (16b) and (18b), (20b) and (21b) basically include the
direct use of Kdp in addition to Zh and ξdr.

A. Effects of Variations of Air Temperature and Raindrop
Axis Ratio

The parameterization functions given by (14)–(21) are tested
using data from T-matrix scattering simulations at X-band like
before with the addition of air temperature varying from 5 ◦C
to 20 ◦C in increments of 5 ◦C (about 4900 data points for each
value of air temperature) and the effect of raindrop oscillations
on axis ratio according to [20] by adding a 15% random
variability on axis ratio around re. This test aims to show the
sensitivity of the derived parameterizations to these physical
factors. The results are shown in Figs. 4 and 5. The additional
subscript “e” in the y-axis labels indicates estimated parameters
and the equality line (dashed) is also shown. For the rain
parameters, where there are two proposed estimators, the one
which includes directly Kdp and (17b) for R is only shown for
brevity. In addition, estimations from other parameterizations
at X-band found in the literature [13], [15], [26] are included
where available.
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Fig. 4. Estimated (a) reflectivity-weighted mean diameter Dze from (14a), (b) median volume diameter D0e from (15), (c) DSD intercept parameter Nwe from
(16b), and (d) rainfall rate Re from (17b) against reference values using scattering simulations at X-band. The parameterizations of Gorgucci et al. [13] and
Matrosov et al. [15] are also shown for comparison.

Several error indexes were introduced to quantitatively an-
alyze the results. The normalized mean bias (NB) and the
normalized standard (root-mean-square) error (NSE) are used.
NSE is the root-mean-square error normalized with respect
to the mean reference value of the corresponding parame-
ter and NB is the difference between the mean estimated
and reference values normalized to the mean reference value.
Reference values are the input values of the parameters in
the simulations. The normalized absolute error NAE98% is the
98% percentile value of the absolute error normalized with the
reference absolute value instead of the reference mean value,
which should give too high NAE error at low absolute reference
values. For this reason, only data points with absolute reference
values greater than 10% of the mean of the absolute error
were considered. NAE98% means that 98% of the data points
are below this error value which, thus, is a measure of the
maximum normalized absolute error excluding 2% of possible
data outliers. In the case of Nw the NB, NSE, and NAE98%

values are given for log10(Nw) and also for Nw in parentheses.
Fig. 4(a) and (b) shows the parameterizations of Dz and D0

obtained using (14a) and (15), respectively, against the corre-

sponding reference values. Both parameterizations show linear
behavior and little scatter against the reference values. The
parameterization of D0 from [13] shows nonlinear behavior and
significant scatter as it was also observed in that paper for a
smaller range of air temperatures, rain parameters D0, Nw, and
βe and for μ in the range −1 to 5 instead of a constrained μ
(range of values −1 to 20). If only the data with the ranges
of reference rain parameters and physical constraints as in [13]
are kept in the comparison, then their parameterization shows
good agreement with the reference values as presented in that
paper. The better performance of (15) for a wider range of
rain parameters is expected as it is optimized for the form of
the dependence on radar measurements and the Mie character
of scattering. Similar remarks can be done for Nw estimated
from (16b) and shown in Fig. 4(c). The new parameterization
gives very small error even for the value of Nw itself (statistics
shown in parentheses) and a direct comparison of Nw instead
of log 10(Nw) shows good results, while in literature only
the comparison of log 10(Nw) with the reference value is
met. The parameterization of rainfall rate by (17b) shown in
Fig. 4(d) also presents very small error, while the one from [15]
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Fig. 5. Estimated (a) effective mean slope parameter βee from (18b), (b) backscattering differential phase shift δbe from (19), (c) specific horizontal attenuation
Ahe from (20b), and (d) specific differential attenuation Adpe from (21b) against reference values using scattering simulations at X-band. The parameterizations
of Gorgucci et al. [26] are also shown for comparison.

shows considerable scatter for the same reasons (non-optimal
parameterization, wider range of reference rain parameters in
simulations) as mentioned above.

Fig. 5 shows the results for the rest of the rain parameters
(i.e., βe, δb, Ah, and Adp), where the estimated values come
from (18b), (19), (20b), and (21b), respectively. The last three
parameters are useful for the development of attenuation cor-
rection algorithms of radar measurements in rain, which is
the subject of another paper [27]. It should be noted that the
approximation error of the new algorithm is very low, com-
pared to other estimators in the literature that show significant
scatter. Thus, in total Figs. 4 and 5 show that with respect to
simulated data for the constrained μ according to disdrometer
observations and under a wide range of physical parameters
(including air temperature and physical variations of raindrop
axis ratio) the proposed parameterizations are characterized by
very small errors. It should be noted that as it was shown in
Section III, the estimation of the parameters D0, Nw, μ, and
rainfall rate R in the parameterizations presented in this work
depends on the observed constraining function of μ against
D0. However, as discussed in Section III (Figs. 1 and 2) the
functional forms of Dz , βe, Ah, Adp, and δb against radar

observables are independent (within the small error of the
parameterizations) of the shape parameter μ and are represented
by (14) and (18)–(21). Thus, the μ−D0 constraint does not
affect the estimation of these parameters, which makes their
estimation and attenuation correction schemes that are based
on these parameterizations more robust and less susceptible to
the physical variability of μ.

B. Effects of Radar Calibration Bias and
Measurement Noise

In real radar measurements, there are error factors which
could affect the performance of the parameterizations like
the calibration biases and random measurement errors. Their
effect is examined below in a simulation experiment by adding
systematic and random errors to the simulated Zh, Zdr, and
Kdp data. Synthetic data are used instead of real radar data
to evaluate the performance of the parameterizations in a
wider range of rain parameters compared to available radar
data and to avoid additional significant effects such as rain-
path attenuation and issues due to radar volume versus point
measurement scale mismatch and spatial separation. This kind
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Fig. 6. As in Fig. 4 but for NB and NSE errors in the presence of bias in Zh (solid lines) and Zdr (dashed lines) and the additional errors (filled circles for NB
and open circles for NSE) when random noise is also added to Zh, Zdr , and Kdp with standard deviation 1 dB, 0.2 dB, and 0.3 deg km−1, respectively. Crosses
in lines indicate zero bias of Zdr .

of overall evaluation of the performance of the parameteri-
zations presented in this work in comparison with other pa-
rameterizations found in literature is examined in detail in
[28]. The typical standard error (measurement noise) in radar
measurements of Zh, Zdr, and Kdp is 1 dB, 0.2 dB, and
0.3 deg km−1, respectively. This noise was simulated by adding
a Gaussian random noise with these standard deviations to
the corresponding simulated variables and then (14)–(21) were
used for the estimation of rain parameters. Due to the addition
of noise, the practical constraint [see (11)] of the lower limit
of Kdp for useable simulation data was set to 0.3 deg km−1.
Calibration bias errors were simulated by adding an offset to
Zh and Zdr.

Figs. 6 and 7 show the sensitivity of the parameterizations
to both bias and noise errors in input variables. Lines (solid for
NB, dashed for NSE) represent the errors in the presence only
of bias errors against Zh bias (−2 to 2 dB) and for different
values of Zdr bias (−0.4 to 0.4 dB). Filled and open circles
represent the increase of NB and NSE, respectively, when
measurement noise is added in addition to calibration biases.
In general, NB errors show the most significant dependence
on calibration biases as expected with values from −20 to

20%, at extreme calibration bias errors considered in this study,
while NB is the least sensitive to measurement noise with
absolute values below 10%. NSE by calibration biases shows
a minimum below 5% at zero calibration biases (as shown in
Figs. 4 and 5) and maximum values up to 20–30% at extreme
calibration biases. NSE by measurement noise shows some
variation with calibration biases with maximum values of 10
to 30% usually at zero calibration biases. The parameterization
of rainfall rate is the only one which shows very high NB
and NSE (more than 50%) at Zdr bias of −0.4 dB. At this
value of Zdr bias the NSE in the estimation of Ah is also high
above 50%. These high sensitivities have to do with the form
of dependence of the corresponding parameterization function
on ξdr. For typical values of 1 and 0.2 dB for Zh and Zdr

calibration biases the NB and NSE errors in parameterizations
are generally less than 20%, which shows that they have an
acceptable sensitivity to calibration biases and measurement
noise. It should be noted that these NB and NSE errors are
for the simulations carried out over a wider range of refer-
ence rain parameters compared to literature as mentioned in
Section IV-A, which leads to an increment of NB and NSE
errors compared to less narrow ranges of rain parameters.
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Fig. 7. As in Fig. 6 but for the parameterizations shown in Fig. 5.

C. Evaluation With Disdrometer Data
(DSD Physical Variability)

In this section, the parameterizations are evaluated against
the disdrometer data set mentioned in Section III. The disdrom-
eter data include the physical variations of DSD (i.e., observed
DSDs have random variability around a normalized Gamma
distribution) and, thus, the μ parameter is not constrained but
varies according to measurements. However, it should be noted
that μ is not a random variable but shows random variations
(Fig. 3) around the constraining function (12). Figs. 8–10 are
scatter plots of estimated against disdrometer values or rain
parameters. The disdrometer observations which were more
reliable and less affected by measurement noise where D0,
Nw, and μ, even though the 2-D-VD disdrometer can provide
estimates of raindrop axis ratio, canting angle, and fall velocity.
The latter parameters were defined as in the simulations in
Section IV-A. The disdrometer values of δb, Ah, and Adp were
calculated from the disdrometer DSDs and T-matrix scattering
routines. The input variables in the parameterizations Zh, Zdr,
and Kdp were also calculated from T-matrix scattering calcu-
lations for the same range of air temperature values (5 ◦C to
20 ◦C) as in Section IV-A.

According to Figs. 8 and 9, the performance of the pa-
rameterizations is quite good with correlation coefficients
above 0.9, very low NB (less than 5%), increased NSE errors
(10 to 20%) compared to simulations in Figs. 4 and 5 and
relatively high NAE98% errors up to 50%. The parameteri-
zation of μ in Fig. 10 shows the higher NSE and NAE98%

(33 and 68%, respectively). These higher random errors are
expected due to the physical variability in disdrometer DSDs,
but also due to measurement errors. The estimates from cor-
responding parameterizations found in literature (where avail-
able) are also shown. In the case of βe parameterization, the
mean and standard error of the parameterization by [13] are
also shown at points shifted to the right on the x-axis by
0.002 mm−1 to better distinguish the trend and the error of
this parameterization which shows a higher scatter. Similar to
the simulations results in Figs. 4 and 5, these parameteriza-
tions from the available literature show considerable higher
biases and scatter compared to the new parameterizations.
However, it should be noted again that these parameterizations
were developed and tested in narrower ranges of values of
rain parameters compared to the ranges of values used in the
present work.
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Fig. 8. As in Fig. 4 but for disdrometer DSD data instead of simulated normalized gamma DSD with constrained μ. The mean (open circles) and standard error
of estimations in bins and the correlation coefficient ρ are also shown.

V. SUMMARY AND CONCLUSIONS

A new methodology to define minimum error parameteri-
zations of rain microphysical parameters, rainfall rate, radar
specific path attenuation, and backscattering phase shift in
rain from polarimetric radar products was presented. To de-
scribe the effect of the Mie character of rain scattering, the
proposed method is based on the functional relations valid at
the theoretical Rayleigh scattering limit with the addition of
a multiplicative factor (rational polynomial) as a function of
reflectivity-weighted diameter. The coefficients in the param-
eterizations were estimated by minimum-mean-square fit of
T-matrix scattering simulation data over a wide range of rain
parameters. The use of raindrop reflectivity-weighted diameter
in the multiplicative factors was found to minimize the effect
of the shape parameter of the DSD on most of the model
parameterizations. Based on disdrometer measurements, the
shape parameter of the DSD was constrained to an exponential
relationship of raindrop median volume diameter. In this way
the retrieval ambiguity due to the fact that there are more inde-
pendent rain parameters to estimate (Nw, D0, μ, and βe) than
the three (Zh, Zdr, and Kdp) considered radar measurements
was basically removed.

The functional dependence of the DSD shape parameter μ on
median volume diameter D0 may lead to changes in the con-
stants of the proposed parameterizations if it is quite different
than the one found by the disdrometer data used in this study.
However, a similar dependence of μ on D0 has been found from
other researchers in different climatic regimes and it seems to be
an inherent property of rain DSDs. It should be noted that as it
was shown in this work the estimation of Dz , βe, Ah, Adp, and
δb, which can be used in attenuation correction schemes, from
radar observables is independent of the constraining function of
μ against D0. Other available information might be used to re-
move the μ−D0 constraint, but the co-polar correlation coef-
ficient ρhv , which is usually available from polarimetric radars
does not have significant dependence on μ separately from its
direct dependence on Dz and Zdr to remove this constraint in
practice.

The proposed regressive parameterizations, developed for
X-band polarimetric radars, were tested with a simulation
sensitivity analysis for the effects of air temperature, raindrop
oscillations, radar calibration biases and measurement noise
and compared to existing parameterizations in the literature.
In addition, they were tested against long-term observational
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Fig. 9. As in Fig. 5 but for disdrometer DSD data instead of simulated normalized gamma DSD with constrained μ. The mean (open circles) and standard error
of estimations in bins and the correlation coefficient ρ are also shown.

Fig. 10. Estimated shape parameter μe from (12) with D0 estimated from
(15) against the reference value from disdrometer DSD data.

data from a 2-D-VD disdrometer. The new parameterizations
show low sensitivity to the variations of physical parameters,

very low bias approximation errors and medium sensitivity
(typically less than 20% errors) to usual radar calibration
and measurement noise. The error of the parameterizations
could be reduced to about 5% as the measurement errors
due radar calibration and measurement reduce with advances
in radar technology. The parameterizations of radar specific
path attenuation and backscattering phase shift could be ap-
plied in schemes of correction of attenuation of the radar
signal in rain, which is quite significant at X-band. The co-
efficients of the parameterizations presented in this paper are
valid for X-band and within the wide range of variability
of the various rain microphysics and atmospheric conditions
considered here, but the methodology presented here can be
applied to C-band as well as higher frequencies. It is also
the intention of the authors to apply of the proposed Mie-
parameterized retrieval methodology to the global precipitation
measurement mission satellite-based dual-frequency Ku- and
Ka-band radar [29]. Future extensions of this study should in-
clude independent verification of these findings based on high-
quality ground validation data from different hydro-climatic
regimes.
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